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Abstract

Step-indexing and the later modality » P are widely used in
program logics. A key challenge in proofs in step-indexed log-
ics is turning > P into P, coined the later elimination problem.
Later elimination cannot be done unconditionally, and has
traditionally been linked one-to-one to the physical steps
the program performs in the operational semantics. This
one-to-one correspondence proved limiting in practice, and
various techniques (flexible step-indexing and later credits)
have been proposed to relax this correspondence.

Unfortunately, there exist many variations of these tech-
niques with different features and proof rules. Moreover,
integrating these techniques into a program logic for a spe-
cific domain (e.g., crash safety or trace refinement) requires
non-trivial proof engineering of the metatheory. Our goal is
to consolidate this situation. We introduce the physical-step
modality—a modular building block that enables designers of
program logics to obtain all existing features and rules with
little proof engineering effort. We integrate our modality into
various projects in the Iris ecosystem (Actris, RefinedRust,
Perennial, Trillium), and show that it unlocks new proof
rules that these projects previously did not support. All our
results are mechanized in the Rocq prover.

CCS Concepts: » Theory of computation — Logic and
verification; Separation logic.
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1 Introduction

Step-indexing [3] is a technique for stratifying recursive def-
initions without positivity requirement. It is widely used in
program logics (most notably Iris [22, 23, 25-28] and VST [2,
6] to model among others first-class locks [21], impredicative
invariants [45], higher-order ghost state [22], Rust-style bor-
rows [23], and protocols based on session types [18]), logical
relations models for languages with higher-order references
and recursive types [1, 54], and type systems that guarantee
productivity of corecursive functions [8, 36].

A common way of employing step-indexing is by internal-
izing it into a logic through the later modality » [4, 36]. The
intuitive idea is that propositions are modeled as infinite se-
quences P = Py, Py, P,, .. . that are increasingly ‘refined’ (they
are downwards closed). Depending on the use-case, each P; is
just a truth value, a set of heaps, or it has a more complicated
structure. The later modality shifts the sequence by one and
adds the trivial element to the front. For the case of truth
values we have » P = True, Py, P1, Ps, . ..

An important (and sound) property is later introduction (P
entails > P), but its converse, later elimination (> P entails P),
is unsound as it would trivialize the modality. This means
that if one has the assumption » P (which happens commonly
if one unfolds a recursive definition or a construction that
uses the later internally), one needs to do non-trivial proof
work to obtain P without the guarding later. Spies et al. [44]
coined this the later elimination problem.

In much of the original work on step-indexing, the logical
steps (elements P; in the infinite sequence P) are connected
one-to-one to the physical steps performed in the operational
semantics of the program subject to verification. Hence, at
each moment the program takes a physical step in the op-
erational semantics, one is allowed to eliminate exactly one
guarding later from each assumption » P and obtain P. This
one-to-one connection between logical steps and physical
steps often proved too limiting in practice, e.g., if multiple
laters need to be eliminated due to the use of nested con-
structions that all use the later internally. Therefore two
extensions to relax this connection have been proposed.

Flexible step-indexing [33] relaxes the restriction of remov-
ing exactly one later per physical step. At each physical step
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it allows one to eliminate a number of laters proportional to
the number of physical steps performed so far. Later cred-
its [44] allow one to eliminate laters at other moments than
physical steps. They provide an ownable resource (in the
separation-logic sense) £n that gives the permission to elimi-
nate n laters. During each physical step, one obtains one later
credit £1, which can be spent at any moment to eliminate a
later (even when no physical step is in sight). Later credits
can be combined with flexible step-indexing allowing one to
obtain multiple later credits per physical step.

An orthogonal solution is transfinite step-indexing [46],
part of Transfinite Iris [43], where propositions are modeled
as sequences indexed by ordinals. Transfinite step-indexing
has seen limited use in practice because it is incompatible
with widely-used distributivity rules of the later modality. In-
deed, the vast majority of current projects use step-indexing
based on natural numbers, which is the focus of this paper.
(See § 7 for a discussion on transfinite step-indexing.)

Problem and goal. Flexible step-indexing, later credits,
and combinations thereof, are widely used in the Iris ecosys-
tem. Yet, there is no canonical version—a number of varia-
tions have been developed, which all have different subsets
of features and rules, and which are all modeled in different
ways. This situation is unsatisfactory from a user’s point
of view. Different projects (which we discuss momentarily)
made different choices, making it difficult to transfer ideas
and libraries from one project to another.

The situation is also unsatisfactory for the designers of
(domain-specific) program logics. Adding support for flexible
step-indexing or later credits requires non-trivial proof engi-
neering, touching intricate details about step-indexing—the
kind of details that Iris aimed to hide in the very first place.
Iris 3.0 [27] proposed a concise approach to define weakest
preconditions/Hoare triples in which step-indexing is hid-
den. This approach proved effective in the design of domain-
specific program logics for e.g., continuations [51], effect han-
dlers [9, 10, 55], crash safety [7], trace refinement [52] and
non-interference [14, 17]. However, when integrating flexi-
ble step-indexing or later credits, details about step-indexing
resurface. As a consequence many Iris projects do not sup-
port flexible step-indexing or later credits at all, or support
different subsets of their rules.

The goal of this paper is to consolidate this situation by de-
veloping a modular building block for step-indexed program
logics—called the physical-step modality—which has two
key features. First, our modality ensures that designers of
domain-specific program logics can focus on the features of
their domain and get the features for step-indexing for free.
Concretely, our modality can be used to give a concise defi-
nition of weakest preconditions. Details about step-indexing
are encapsulated by the modality and hidden from the de-
signer of the program logic. Proof engineering is eased as the
weakest precondition rules (particularly those concerning
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Figure 1. Comparison of features in key projects (© ~ ‘partial
support’; custom WP ~ a domain-specific version of weakest
preconditions is used instead of Iris’s standard version).

step-indexing) and the adequacy theorem (which says that
the program logic implies the desired program property, e.g.,
safety) can be derived from generic rules of our modality.
Second, our modality provides the union of all known rules
for flexible step-indexing and later credits, making it easier
to transfer ideas and libraries between different projects.

Supported features. Our physical-step modality pro-
vides the union of all features for flexible step-indexing and
later credits that we know of in the Iris ecosystem, see Fig-
ure 1. To explain these features, we first explain some tech-
nical details. To support flexible step-indexing (with and
without later credits), the program logic needs a mechanism
to keep track of the number of physical steps the program
has performed so far—which is a-priori a non-local property.
Time receipts [35] (originally used for complexity analysis)
provide a way to locally keep track of a lower bound.

There exist two versions of time receipts: persistent n and
additive Xn receipts, satisfying Bn; and Bn; iff R(n; max ny)
and Xn; and Xn, iff X(n; + n,), respectively. Depending on
the verification problem, one version might be a better fit
than the other. As shown in Figure 1, most projects support
one or the other, but not both. RefinedRust encodes persistent
time receipts using additive ones, and Somers and Krebbers
[42] do the converse in Actris [18, 20] (which is built on
top of Iris’s default language HeapLang). However, these
encodings do not provide all known interaction rules (hence
marked ©). Mével et al. [35] (in the context of complexity
analysis) proposed a rule to obtain a persistent ‘snapshot’ of
an additive receipt, and Matsushita et al. [33] proposed a rule
to ‘add up’ a persistent and additive receipt. At first sight,
these rules appear incompatible, but we show that they can
be obtained at the same time (§ 3.3).

Another difference between existing projects is the seman-
tics of time receipts. Originally, they provide a lower bound
on the number of physical steps that have been performed.
The Perennial framework for crash safety [7] uses a different
semantics to support investing, a feature allowing one to ob-
tain exponentially more time receipts than steps performed.
Perennial’s metatheory thus employs an intricate way of
counting the number of credits based on the physical steps.
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Using our physical-step modality we are able to support
all the aforementioned features in a combined setting (in-
cluding the seemingly incompatible interaction rules), and
encapsulate their details (such as the intricate counting ar-
gument of Perennial). We update the Rocq developments of
all projects in Figure 1 to support the union of all features
and simplify their metatheory.

Notably, the Trillium [52] framework for trace refinement
only supported persistent time receipts. It was not immedi-
ately obvious whether Trillium was compatible with later
credits at all. However, the consolidation of the step-indexing
mechanisms provided by our physical-step modality allowed
us to discover a way of integrating later credits into Trillium
(§ 6.4). As an additional benefit, we give a generic definition
of the logical-step modality (), of which specific versions
have been developed in Aneris [16] (built on top of Trillium)
and RefinedRust [15] (§ 6.6).

We believe our work opens the door to employ the dis-
cussed features in projects that previously have not used any
of them, including but not limited to projects concerning ef-
fect handlers [9, 10, 55], continuations [51] and information-
flow security [14, 17], as well as the VST-Iris project [31].

Contributions and outline. We start with a recap of
step-indexed separation logic and the later elimination prob-
lem (§ 2). After that we turn to our contributions:

e We present a unified set of rules for persistent and
additive time receipts, based on investing (§ 3).

e We present our key contribution—the physical-step
modality. We show how it encapsulates step-indexing
in the definition of weakest preconditions, its proof
rules, and its adequacy theorem (§ 4).

e We present the model of the physical-step modality in
terms of the Iris base logic (§ 5).

e We give an overview of the mechanization of our
results in Rocq, how they generalize and ease the
metatheory of the projects in Figure 1 (§ 6), and fi-
nally discuss limitations (§ 6.7).

We conclude with a discussion of related work (§ 7). All
our results are mechanized in Rocq [41].

2 The Later Elimination Problem

We recap the later elimination problem through an overview
of concurrent separation logic (§ 2.1), the traditional solu-
tions to this problem (§ 2.2), and later credits (§ 2.3). We focus
on Iris’s default language HeapLang [23], but most Iris-based
program logics for different domains have similar rules.

2.1 Concurrent Separation Logic

Separation logic propositions P assert ownership of resources;
traditionally heaps of memory [38, 39]. The points-to propo-
sition £ — v asserts exclusive ownership of a location ¢ with
value v. Separation logic enables modular verification through
the separating conjunction P * Q, which asserts that P and Q
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hold for separate resources. Hence £ +— vy, > vy + £ # £,
and consequently ¢ — v; * £ — vy + False. The latter il-
lustrates the concept of exclusivity: ownership of multiple
instances of an exclusive resource entails a contradiction,
which is often used to rule out impossible cases in proofs, as
we will exemplify in § 2.3. Separation logic also features the
separating implication P - Q (a.k.a. “magic wand”), which
interacts with the separating conjunction similarly to how
regular implication interacts with regular conjunction, par-
ticularly, P % (P - Q) - Q.

As common in separation logic, we specify programs via
the weakest precondition wp e {®}, which says that the pro-
gram e cannot crash, and the postcondition @ : Val — iProp
holds for any return value.! We write wp e {w. P} as sugar
for wp e {Aw. P} and wp e {P} for wp e {w. w = () * P}. Se-
lected rules are shown in Figure 2. Rules in separation logic
are entailments P + Q, which express that the resources of P
are included in Q. A separation logic proposition P is true, if
it holds for all resources, i.e., True + P. We use the inference
rule notation Zx to state that P - Q is true, which is equiva-
lent to P + Q. We explicitly conjoin multiple premises using
* or A, but if they are pure (i.e., live in the Rocq meta logic)
we use a space (in that case * and A coincide).

The prototypical rules for the heap operations are wp-
ALLOC, WP-LOAD, and WP-STORE. Allocation ref v yields ex-
clusive ownership of a new memory cell £ — v (and has no
precondition). Loading requires exclusive ownership of the
memory location £ — v, and returns the stored value v. Stor-
ing similarly requires exclusive ownership of the location,
and yields ownership with the newly stored value £ — w. To
reason about concurrent programs, concurrent separation
logic includes the parallel composition rule [5, 37]:

wp e; {P1} *wp e; {Pp}
wp (e1 || e2) {(w1, wz). @1 wy * Dy Wy}

We can prove a weakest precondition for a parallel compo-
sition (e || e;) by verifying the threads e; and e, separately
(as a consequence of the separating conjunction). The sepa-
rating conjunction ensures that exclusive resources, such as
points-to resources ¢ — v, cannot directly be used in both
threads. One way to share resources between threads is via
a lock (mutex), whose proof rules are:

P - wp new_lock () {Ik. Lock Ik P}
Lock Ik P - wp acquire Ik {P}
Lock [k P % P - wp release lk {True}
Here, we require P to be exclusive, i.e., P« P - False, to

ensure a lock cannot be released twice.? The proposition
Lock Ik P captures that the value Ik is a lock, guarding the

'Hoare triples are defined as {P} e {®} £ (P - wp e {®}), where O is
Iris’s persistence modality [23, §6].

2An alternative and slightly more complex approach to avoid double-release
(possible in Iris) is the use of an exclusive locked token as in § 2.3.



CPP ’26, January 12-13, 2026, Rennes, France

WP-FRAME

Pxwpe{P}

‘WP-ALLOC
wp ref o {{. £ — v}

wpe{w.P*(Dw]:

‘WP-LOAD

Thomas Somers, Jonas Kastberg Hinrichsen, Lennard Gaher, and Robbert Krebbers

Basic Separation Logic

WP-PURE-STEP

WP-STORE pure

INV-ALLOC WP-UPD
>P (B P) « (P -+ wp e{d})
3k %
p[P] wp e {¢}
>-TIMELESS
POINTSTO-TIMELESS time]eSS(P) > P
timeless(f — v) .
BP
>-SEP LOB-INDUCTION
>(P% Q) #x>Pxp>Q (>P—>P)rP

lock payload P. The Lock Ik P proposition is persistent, de-
noted persistent(Lock Ik P), which means that we can freely
duplicate it, i.e., Lock Ik P - Lock Ik P = Lock Ik P, and thus
share it between threads. The specifications say that we can
allocate a lock, by giving up the payload P, access the pay-
load P by acquiring the lock, and release the lock by giving
the payload P back. Let us show the lock in action:

let ¢ =ref0, lk = new_lock () in

acquire lk; acquire lk;
C=10+1;¢:=1¢+1;
release lk release lk

acquire lk; assert (is_even !¢); release lk

The crux of verifying that the assert cannot fail is to choose
the right lock payload. We use P = 3x. £ > x * is_evenx.
The payload holds for the initial state £ — 0, it is preserved
by the critical sections of the two threads, and it lets us verify
the assert. As Lock Ik P is persistent, we can duplicate it and
use it in the proof of both threads. An important observation
is that inside the critical section we do not have to preserve
the payload, but only need to restore it when releasing the
lock, allowing us to increment the counter in multiple steps.

2.2 The Later Elimination Problem

We now explain the later elimination problem and three so-
lutions to it, by verifying that a spin-lock implementation

satisfies the aforementioned lock rules:

new_lock () £ ref false

acquire Ik = if CAS Ik false true then () else acquire Ik

release lk = lk := false

The lock is implemented as a reference, initialized with
false, signifying the unlocked state. Lock acquisition is a

=+ 1;0:=104+1;

-0 f—v e1 — ey wp e; {P}
wp lt{w.w=0vxf>0v} wpl:=w{frH w} wp e; {P}
Invariants
INV-OPEN
INV-PERSISTENT :
atomic(e) Pl«(>P-xwpe{w.>PxPw})
persistent(|P|) P 3
wp e {w. P w}
Laters and Later Credits
>-INTRO ‘WP-FRAME-> >-EXISTS
P e ¢Val >Psxwpe{d} inhabited(A)
—% X 3
>P wp e {w. P« dw} pIx A, Px +xAx: ArPx
WP-PURE-STEP-£
£-SPLIT £-use pure
£1%>P e; — ey £1 - wp ey {P}
E(m+n)sx£fm=£n : 3
BP wp e; {}

Figure 2. Selected rules of Iris.

CAS-loop (compare-and-swap) that tests the state of the lock.
If it is false (unlocked), the CAS sets it to true (locked),
and acquire terminates; otherwise acquire loops. Lock re-
lease sets the lock to false (unlocking it). To prove the lock
specification, we should define the lock predicate Lock Ik P
to capture the invariant state of the lock:

Lock kP 2[3b. Ik — b+ if =b then P|

A lock Ik is a reference, storing a boolean value Ik — b, s.t.
when b is false (locked), the lock holds the payload P. Here,
is Iris’s invariant assertion, which expresses that P must
hold invariably throughout the remainder of the program.
Let us discuss the key rules of invariants.*> We can freely turn
any owned resource into an invariant (INv-arLoc), allowing
us to prove lock allocation. In iNv-arLoc Iris’s update modal-
ity & P captures that we can obtain P through an update to
ghost state. This modality can be eliminated when the goal
is a weakest precondition (Wp-UpD). Invariants are persistent
(1nv-PERSISTENT), which implies that Lock Ik P is persistent
(and thus duplicable). We can momentarily access the in-
variant resources P during an atomic step (INV-OPEN). For
example, during the CAS step, we can access the reference
held by the invariant, and update it to a new value.

To avoid unsoundness related to the self-referential para-
doxes [23, §3.4], INv-0OPEN guards the invariant proposition
with a later (modality) > P. To use the proposition after open-
ing the invariant, we thus have to eliminate the later, beget-
ting the later elimination problem. We focus on three solu-
tions, and how they are used to prove the specification for
lock acquisition: (1) distributivity rules, (2) timeless proposi-
tions, and (3) taking physical steps.

>

3For soundness, Iris invariants also involve invariant masks & and names-
paces N, which we omit for brevity’s sake, since their use is standard.
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In the proof of acquire, we need to obtain lk +— b (without
later) to verify the CAS operation. To do so, we first open
the invariant Lock Ik P using INV-OPEN to obtain the assump-
tion »(3b. Ik — b % if —b then P). We then use solution
(1)—the distributivity rules »-Ex1sTs and »-SEP—to obtain
> lk — b and > if =b then P. To proceed, we use solution (2)
of timeless propositions. A proposition is timeless if it does
not depend on the step-index in the model [23, §5.7], or syn-
tactically speaking, if it does not contain invariants, laters, or
weakest preconditions. The key example of a timeless propo-
sition is £ > v (POINTSTO-TIMELESS). Timeless propositions
can have their later eliminated if the goal is a weakest pre-
condition (>-TIMELEsS, WpP-UPD)—we hence obtain Ik +— b.
We proceed by case analysis on b, and apply the rule for CAS
(elided for brevity). In the success case (where b = false,
now set to true) we get » P from the invariant. Since P is not
necessarily timeless we cannot use solution (2) to eliminate
its later. We thus proceed with solution (3), taking physical
steps, allowing us to eliminate at least one later at every phys-
ical step. This is captured by the wp-FrRAME-> rule, which we
apply when resolving the if-statement.

To prove the failing case, we use LOB-INDUCTION (applied
at the beginning of the proof), which lets us assume that the
acquire specification holds after at least one physical step
(guarded by later). As before, we can eliminate the later from
the induction hypothesis, using wp-FrRAME->. We elide the
proof of release as it is similar to the proof of acquire.

2.3 Later Credits

We now demonstrate an additional, more recent, solution to
the later elimination problem called later credits [44]. Later
credits enable compositional reasoning about later elimina-
tion using an amortized approach that turns the right to elim-
inate n laters into an ownable separation logic resource £n.
We can generate one later credit whenever a physical step
(pure step, for brevity) is taken (Wp-PURE-STEP-£), and use a
later credit to eliminate one later (£-UsE) at any point.

To understand the need for later credits, we consider a
compositional approach to verifying the aforementioned
(outer) lock specifications, on top of the following simpler
(inner) lock specification without a payload P:

wp new_lock () {Ik. Lock Ik}
Lock Ik - wp acquire Ik {Locked Ik + £1}
Lock Ik * Locked Ik - wp release lk {True}
persistent(roa( Ik) timeless(Locked Ik)

Here, Locked Ik expresses that we currently hold the lock,
and prevents double-release. We discuss the color-coded later
credit £1 momentarily. With these specifications we define
the outer lock predicate with payload P as follows:

Lock Ik P £ Lock Ik =|Locked Ik Vv P
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The proofs of the outer specifications of new_lock and release
follow almost directly from the inner specifications. For
new_lock, the inner specification yields a Lock predicate,
which we use to allocate the invariant Lock of the outer lock.
For release, we use the payload P (given in the precondi-
tion) to conclude that the outer invariant contains Locked Ik
(by exclusivity of P), swap the two, and use Locked Ik to
resolve the precondition of the inner release specification.
For acquire, we verify the following outer specification:

Lock [k P -+ wp acquire Ik {# P}

The crux is that proving this outer specification without the
undesired color-coded later > requires the color-coded later
credit £1 in the inner specification. We need the later credit
because we first have to apply the specification of acquire,
yielding Locked Ik, and only then can we use INV-OPEN to
swap with P by opening the outer invariant. However, we
now obtain » P after all physical steps have been taken, and
thus cannot eliminate the later using the three methods from
§ 2.2. The problem is that the inner specification of acquire
does not expose the fact that it takes at least one physical
step. To solve this problem, we use later credits by extending
the inner acquire specification with a later credit £1, which
exactly captures that acquire takes at least one step. With
the credit, along with the £-Usk rule, we can eliminate the
later, and prove the original outer specification.

3 Multiple Later Elimination

In § 2 we focused on eliminating a single later per physical
step. There are cases where this is too restrictive, e.g., when
invariants and/or higher-order ghost state are nested. In
some of these cases, later credits alone are sufficient, because
they allow one to accumulate multiple credits from prior
steps. However, there are cases where the number of laters to
be eliminated grows proportionally to the number of physical
steps taken, rendering later credits alone insufficient.

We explain the existing approaches to eliminating multi-
ple laters per step, and how our approach is derived from
them (§ 3.1). We then explain how two existing kinds of time
receipts are used to keep track on the number of laters that
can be eliminated (§ 3.2). We finally discuss how we support
the union of all features from prior work (§ 3.3): generat-
ing multiple later credits, investing in Perennial [7], and the
combination of both kinds of time receipts.

3.1 Our Approach to Flexible Step-Indexing

The traditional approach of allowing one later to be elimi-
nated per physical step can be relaxed to multiple laters in
different ways, as shown in Fig. 3.

A folklore extension is to eliminate a fixed number k rather
than 1 later per step. This falls short for cases where the
number of laters to be eliminated keeps growing, eventually
surpassing k. Matsushita et al. [33] realized that the number
of laters per step can depend on the total of number physical
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Traditional step-indexing 1 -1 -1 —.
Folklore extension k- k - k —.
Flexible step-indexing [33] | 1 —» 2 — 3 —.
More flexible (currentIris) | f1— f2 — f3 —.

Our approach flofl1-FfP1—...
Figure 3. Number of laters that can be eliminated per physi-
cal step (figure adopted and extended from Spies et al. [44]).

steps taken, leading to flexible step-indexing. In the current
version of Iris, this approach is generalized to a generation
function f applied to the number of prior steps.

Similar to the current version of Iris, we parameterize
our rules (Fig. 4) with a generation function f. However,
the way we use the function f is different:* the number
of laters eliminated in the next step is computed directly
from the number of laters eliminated in the prior step by
applying f. The use of an exponential function is inspired
by Perennial [7] and allows us to support investing.

To prove the soundness theorem of our modality (Theo-
rem 4.2) any generation function f may be chosen provided
it satisfies two properties: (1) f 0 = 0, and (2) f is superad-
ditive, i.e., Vn,m. f (n + m) > f n + f m. Our rules allow the
generation function to be over approximated, as the rules for
a smaller generation function may be derived from those
of a larger one by weakening. As such, only property (1)
is strictly necessary. Given any function f satisfying (1), a
superadditive upper bound may be constructed from it.

The fact that the generation function f may be over ap-
proximated also enables modular proofs. In prior work, the
choice of generation function was fixed by the program logic.
As such, a user verifying a new module that required a larger
generation function (for instance to use Perennial’s invest-
ing technique) had to update the program logic and all other
modules relying on the specific choice. We instead allow each
module M to define its own generation function fy, and de-
fine the top-level generation function f as the superadditive
closure of the pointwise maximum. Our Rocq mechanization
provides a method for constructing the top-level generation
function in a convenient fashion (§ 6.1).

3.2 Both Kinds of Time Receipts Individually

A key challenge in flexible step-indexing is that the global
step count is not directly accessible in the logic. Instead,
separation logic resources called time receipts [35] can be
used to track lower bounds on the number of steps. There
are two variants: persistent time receipts (En), which are
duplicable, and additive time receipts (Xn), which can be
aggregated. Each form induces its own set of proof rules,
with neither being strictly stronger than the other. Existing

“The actual formula to determine the laters per step from f is more complex
than f", and is discussed in § 5.3.
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models of time receipts for later elimination are limited to
either persistent or additive time receipts, but not both.

In Fig. 4 we present our unified set of rules that supports
both kinds of receipts. Before exploring our rules for their
interaction (§ 3.3), we focus on how both kinds of receipts
are used individually. We explain this by verifying a queue
inspired by message-passing channels in Actris [19, 42]. We
remark that our queue is mainly used to build intuition and
can be verified without laters or time receipts, but the original
and more complicated version in Actris cannot (§ 6.5).

Queue example. In the previous section, we considered
specifications for simple, non-recursive data structures. The
same principles can be extended to recursive data structures,
such as queues, for which a typical specification is:

wp new_queue() {q.Qq []}
Qq (v :: U) =+ wp dequeue q {w.w =0v+Qq0}
Qqd - wp enqueue q v {Qq (v + [v])}
Qq1 91 *Qq2 U2 ~ wp append q1 g2 {Qq1 (U1 + 32)}

The representation predicate Q g & describes how the sequence
of values @ is represented in the heap. We focus on a linked-
list implementation (Fig. 5). The queue itself is represented
by a location q that holds pointers (h, t) to both the head and
tail nodes, respectively. A constant-time enqueue operation
is enabled by tracking the tail node. A possible representation
predicate Q g 3 is structured in two layers:

Qqd 2 Iht.q (ht) *Quec htT

Qrec K102 (U =[] *xh=t=*t > none) Vv
(3w, w, k.
T=w:wxht some (w,h') > Qrec h' t W)

Its core is a recursive predicate Qpec h ¢ 7, describing the
linked-list from head h to tail t containing the sequence .
The outer predicate Q additionally asserts that the location g
stores pointers to the current head and tail nodes. Defining
the core Qrec h ¢ U requires recursion. For our simple queue
we could have used structural recursion on the sequence .
However, in more general settings such as Actris there might
be no decreasing argument (§ 6.5). To mimic that use-case, we
employ guarded recursion, where each recursive occurrence
is guarded by a later modality, and apply Banach’s fixpoint
theorem [23, Thm 4] to prove that the fixpoint exists.

Using the representation predicate Q, we can immediately
verify the correctness of the new_queue and dequeue opera-
tions. The proof for new_gqueue follows by selecting the first
branch of Qpec At []. For dequeue, the key step is to unfold
Qrec it (v :: U), which introduces a later guarding the recur-
sive occurrence. This later is eliminated during the physical
step that updates g to the new head pointer, allowing us to
re-establish Q ¢  in the postcondition.

Persistent time receipts. While the representation pred-
icate Q suffices for verifying new_queue and dequeue, it is
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K-ZERO K-PERSISTENT K-WEAKEN X-ZERO X-COMBINE X-SNAPSHOT
B R0 persistent(8n) n>mx8n-+xm B X0 Xn«Xm o X(n+m) Xn =+ Xn=*gn
B-LATERN R-INCR
X-X-INCR e ¢Val RBn) A >B) 7 P) xwpe {@ e ¢Val Rn*wp e {P
ZTnEm o BE(n+ m) (BEn) A ((BeP) ) = wp e { })Z pef }1
wpe{w.Pxduv} wpe{w.B(f(n+1)) «dw}
X-USE !-I;)UulrleE-STEP
e ¢Val Xn = wp e {P} e—> e (BBn) A (X(f(n+1)) «£(f(n+1)) =« wp e {D})

.

wpe{w.!(fn)>1<£(fn)>x<<15w}Z

wp e {d}

Figure 4. Our unified set of rules for time receipts.

A

new_queue () = let t = refnone in ref(t,t)

1>

dequeue q

enqueue q v

append q1 q2

1>

let (h,t) =!ginmatch ! hwith none = assert false | some (v,h’) = q:= (K, t); vend
let (h,t) =!qinlett =refnoneini := some (v,t); q := (ht')
let (hy,t1) ='!q1, (ha,t2) =!g2 inmatch ! h; withnone = () | some n = t; := some n; ¢; := (hy, t;) end

Figure 5. A linked-list implementation of a queue with constant-time enqueue and dequeue operations.

too weak for enqueue. The problem is that enqueue directly
updates the tail node ¢, whose ownership is described by
Qrec At 3. Unfolding Qrec ki t ¥ introduces 3] laters guarding
t +— none, but only a fixed number of physical steps are
available before ¢ is updated. Thus, eliminating one later and
generating one later credit per step is insufficient.

To address this problem, we employ flexible step-indexing,
and use persistent time receipts n. This persistent time re-
ceipt is a permission asserting that later physical steps can
eliminate at least 1+ f n laters. The proof rules for persistent
time receipts are summarized in Figure 4. For now, we focus
on the basic rules, omitting additive time receipts X, later
credits, and use the generation function f n = n.

The basic rules are as follows. First, the persistent time
receipt 0 can always be allocated (X-zEr0). They can be dupli-
cated (X-PERSISTENT), and weakened (X-WEAKEN). Persistent
time receipts can be incremented after a step (X-INCR). Fi-
nally, the X-LATERN rule is a generalization of wWp-FRAME->
to eliminate multiple 1 + n laters around a step. Temporarily
ignoring Iris’s update modalities (B ), the rule states that
given Bn, we can eliminate »!*" from P by taking a step.
The update modalities (& ) between the laters allow one to
(among others) open nested invariants to establish P. We
discuss the update modality around 8n and use of regular
conjunction instead of separating conjunction in § 3.3.

Returning to the queue example, we verify enqueue by
augmenting the representation predicate Q with time receipts
as Qg qU = Qqd = B|3]. To prove enqueue we extract the tail
pointer »/% t - none from the queue predicate. During the
! q operation, we apply B-LATERN to eliminate the laters
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from the necessary ownership assertion ¢ +— none. After
updating the tail, we reconstruct the queue representation
predicate. We similarly increment the time receipt using R-
INCR to reflect the enqueued value. The proofs for new_queue
and dequeue are extended in a similar way. We use B-ZERO
to establish the initial time receipt on allocation, and use
H-WEAKEN to decrease the time receipt when dequeuing.

A key benefit of persistent time receipts is that they can be
layered on top of existing specifications. For instance, from
wP-LOAD (Fig. 2), B-LATERN and E-INCR we can derive:

Bnx ("1 P) x>0 wp [ {w.w=0%R(n+1) %P}

Similar specifications can be derived for other operations,
including compound ones such as user-defined functions.

Additive time receipts. The representation predicate
Qg enables the verification of enqueue, but is insufficient for
append. Specifically, the precondition contains time receipts
R |91 ]#R |82, whereas the postcondition requires R (|7;|+|02|).
As append is constant-time, the B-INCR rule is not sufficient
to establish this postcondition.

Instead, we want to independently track time receipts for
each queue, and then combine these bounds in the postcondi-
tion. This is achieved using additive time receipts Xn and aug-
menting the representation predicate to Qg g7 = Qqd = X[,
allowing us to verify all queue functions including enqueue
and append. Additive time receipts can be combined using
the X-comBINE rule, which is key to verifying append. They
additionally satisfy a version of X-LATERN with & replaced
by X, which can be derived from R-LATERN (§ 3.3).
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The caveat of additive time receipts is that they have no
analog to R-INCR, as additive time receipts can only be gener-
ated once per physical step. Instead, incrementing an additive
time receipt requires a separate rule for each operation, e.g.,
X-PURE-STEP is specific for pure steps. As such, unlike per-
sistent receipts, additive time receipts cannot be layered on
top of existing specifications. For example, we cannot derive
the following specification from wr-LOAD:

I—o-+wp!l{w.w=0=X1}

Instead, proving such specifications, both for primitive oper-
ations (e.g., ! [) and compound operations (e.g., used-defined
functions), requires proving a new WP rule in which the
additive time receipt is explicitly included.

This section indicates that additive time receipts provide
additional power over persistent ones, but are more difficult
to use. Given this trade-off, we should provide users and
designers of program logics with support for both kinds.

3.3 The Union of All Features

We now cover how our approach permits the union of all
features from prior work (Figure 1).

Multiple later credits. So far we have focused on the
interaction between time receipts and later elimination using
the later modality. Time receipts can also be used to generate
multiple later credits per step. The X-PURE-STEP rule extends
WP-PURE-STEP-£ to generate not 1 but multiple later credits
per step, provided a suitable time receipt is supplied. The
lower bound Bn in X-PURE-STEP determines the number of
generated later credits, similar to the number of laters in
R-1ATERN. Moreover, additive time receipts can be given up
for the duration of a step to generate their corresponding
later credits (X-usk). The X-Usk rule can be layered on top of
existing specifications, similar to the R-LATERN and R-INCR
rules for persistent time receipts as described in § 3.2.

Investing. Additive time receipts in Perennial can be in-
vested: giving up a single time receipt X1 for a step (using X-
USE) results in X 10 after the step (the number 10 is arbitrary,
and could be any positive number). Investing is supported
by picking any generation function f satisfying f 1 > 1. To
obtain Perennial’s rules we pick f n = 10n.

Perennial uses investing to circumvent the caveat of ad-
ditive time receipts, namely to derive specifications that in-
crease additive time receipts from specifications without. As
a simple example, using the generation function f n = 2n, we
can derive the following load specification from wp-LoAD:

I—o*X1-+wp !l{w.w=0xX2}

However, unlike R-INCR, this approach requires an initial
time receipt X1 (so the caveat is not circumvented entirely).

Both time receipts. Prior work on time receipts for step-
indexing has modeled one type of time receipt in terms of
the other using an invariant. For example, RefinedRust [15]
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models persistent using additive time receipts including the
X-R-InCR rule (introduced by RustHornBelt [33]), but does
not support the X-INCR rule. Conversely, Linking Actris [42]
models additive time receipts using persistent time receipts,
and does not support the X-Usk rule.

Our theory supports both the X-sNapPsHOT rule by Mével
et al. [35] and the X-R-1nCR rule. Individually, these rules
allow turning a Xn into at most Rn. However, admitting both
rules allows turning X into ¥2n, seemingly making additive
time receipts twice as large as persistent ones. Neverthe-
less, our model of time receipts (§ 5.1) permits both rules.
Key to this interpretation is splitting the total time receipt
count into two separate partitions, for additive and persistent
time receipts respectively, and ensuring that the persistent
partition remains the largest.

Our combination of persistent and additive time receipts
makes it possible to derive some of the rules for X from those
of B, particularly, versions of R-LATERN and X-PURE-STEP
with the premise Bn replaced by Xn. This is possible because
there is an ordinary conjunction instead of a separating con-
junction in the ¥ version. The update before Bn allows one
convert Xn into Bn using X-sNApsHOT, without losing Xn as
an assumption in the remainder of the proof. More generally,
our use of an ordinary conjunction allows one to use any
Iris resource to establish the bound Bn without losing that
resource in the remainder of the proof.

4 The Physical-Step Modality

Hoare triples are the heart of a program logic. In Iris they are
defined in terms of the weakest preconditions (WP), which
in turn, are defined using the Iris base logic [23, 27] rather
than directly in Iris’s step-indexed model. Using this indirec-
tion Iris aims to avoid explicit tracking of resources and step
indices, thereby keeping the definition of WP and its metathe-
ory modular and compact. However, we will show that Iris’s
current definition of WP with flexible step-indexing and later
credits no longer adheres to this principle.

In this section we introduce our key contribution, the
physical-step modality—a modular building block for defin-
ing WP and proving its adequacy theorem. We show that
our modality restores a modular and compact definition of
WP. We discuss the difference in structure of Iris’s WP be-
fore and after using our modality (§ 4.1 and § 4.2). We then
introduce the rules of our modality, and explain how they
are used to derive the desired rules for WP (§ 4.3). Finally,
we derive the adequacy theorem of WP from the soundness
theorem of our modality (§ 4.4). In this section we focus on
Iris’s standard definition of WP, which we extend to several
domain-specific program logics in § 6.

4.1 Current Weakest Precondition

Iris’s weakest precondition is defined as a guarded recur-
sive predicate in terms of the Iris base logic, which includes
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The current version (later credits change in purple):

wpe{d} £ o De
wp e {®} £ Vo,n.Son =+ B (red(e,0) A

if e €Val

otherwise

(Ve',o". ((e,0) = (¢/,0") = £(1+ fn) =(B o)/ " B(Sd’ (n+1) xwp e {D})))

The version using our physical-step modality:

wp e {P} = B De

wp e {®} £ Vo.Sc = (Bred(e,0)) A (Ve',a'. ((e,0) — (¢/,0")) + EE>(S o’ = wp e’ {D}))

if e €Val

otherwise

Figure 6. The definition of Iris’s weakest precondition connective.

modalities such as the later » P and update B P. The cur-
rent definition of weakest preconditions in Iris is depicted in
Fig. 6, alongside a version using our physical-step modality.
We omit details about masks and concurrency, as they are
orthogonal to the physical-step modality.

First consider the original definition of weakest precondi-
tions in Iris [23, 27] by ignoring details in purple regarding
later credits and multiple later elimination. The proposition
wp e {®} asserts that if e is a value, then @ e holds (after the
opportunity to update the ghost state). If e is not a value,
wp e {®} consists of two parts: (1) progress red(e, o), stating
that e is not stuck, and (2) preservation, which asserts that
the weakest precondition still holds after any step from e.

The weakest precondition also includes a state interpre-
tation S o, which relates the physical state o (such as the
heap) to resources in Iris (such as the assertion ¢ - v). As
Iris can be instantiated for different domains, the state, state
interpretation and physical steps depend on the language.
The original WP definition lines up with the motivation from
Iris 3 [23, 27], being both modular and compact. Specifically,
the single > allows for stripping a later each step, the updates
allow for updating ghost resources, and the state interpreta-
tion relates the physical state ¢ to resources in Iris.

Returning to the current model with later credits and
multiple laters, the definition of weakest precondition is no
longer compact. First, the single later modality is replaced
by a complex iteration of laters and updates to support the
elimination of multiple laters per step. Second, the state in-
terpretation explicitly tracks the number of physical steps n,
used to determine the number of laters and later credits. The
definition is also no longer modular. It requires each language
instantiation to define its own step counting mechanism in
the state interpretation S, and prove the corresponding proof
rules. These step counting mechanisms are typically not
compatible with each other making it challenging to develop
modular libraries that can be exchanged between logics for
different domains and programming languages.

4.2 Weakest Precondition With Our Modality

The definition of WP using our physical-step modality (Fig. 6)
is back to being modular and compact. The physical-step
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modality EE& P asserts that the proposition P holds after the
next physical step, similar to how > P asserts that P holds after
the next logical step. To prove P in E¥& P, we can eliminate
multiple laters, and use all the later credits and time receipts
generated during the next physical step. Hence, exactly one
such physical-step modality is included in WP for every
physical step in the operational semantics.

Similar to the WP definition from Iris 3.0 (top of Fig. 6,
without purple parts), there is no explicit tracking of step
counts or resources. The presence of our physical-step modal-
ity alone is sufficient to support multiple later elimination
using time receipts and later credits. This results in the same
proof rules across language instances, and even different WP
models that employ our physical-step modality.

Another change compared to the current WP definition (in
blue) is to move the update into the conjunction. This change
allows rules which use conjunction, such as X-LATERN, to be
derived from those of the physical-step modality. Because
updates and conjunction do not commute, the new definition
is weaker (i.e., it is easier for a user to prove a WP), as it allows
different updates to prove progress and preservation. Even so,
as we will show in § 4.4, the new definition is strong enough
to obtain the adequacy theorem. In § 6.7 we comment on the
further consequences of making WP weaker.

4.3 Rules of Our Physical-Step Modality

The rules of the physical-step modality (Fig. 7) are similar
to those of WP (Fig. 4), and are each annotated with the
corresponding WP rule in parentheses. The remaining time
receipt rules in Fig. 4 (R-zERO-X-E-INCR) are readily pro-
vided by the theory of our physical-step modality. Similar to
the rules of WP, the rules of our physical-step modality are
parameterized by a generation function f (§ 3.1).

The rules of our physical-step modality correspond closely
to the WP rules but with wp e {®} replaced by EE&P. In
addition to the time receipt rules, the physical-step modality
can eliminate updates from assumptions (pSTEP-UPD). This
rule is used to derive the corresponding WP rule (wp-uprD).
Similarly, the PsSTEP-LATERN rule is used to derive X-LATERN,
the PSTEP-R-INCR rule to derive ¥-INCR, and the PSTEP-X-USE
rule is used to derive X-UsEk. The proofs of these derivations
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PSTEP-UPD (WP-UPD) PSTEP-LATERN (X-LATERN)

(BP) * (P + HQ)
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PSTEP-R-INCR (B-INCR)

Bn * (EEP)

PSTEP-X-USE (X-USE)

Xn+ (E¥SP)

0 HESP O

PSTEP-INTRO (X-PURE-STEP)

H%B(f(n+1))>sP FI%!(fn)*f(fn)*;

(PRn) A (X(f(n +1))x£(f(n+1) = (B> '3)1+fn P)

g P

Figure 7. The rules of our physical-step modality.

are straightforward and follow directly from the rule of the
modality and the model of WP in Fig. 6.

The remaining rule is PSTEP-INTRO, which states that
when establishing P after the next physical step, we may
first generate later credits and time receipts and eliminate
laters. The number of later credits, time receipts and laters
is determined by the time receipts available before the step.
Since the physical-step modality corresponds to a step in the
operational semantics in WP, the X-PURE-sTEP rule is derived
from this rule by introducing the physical-step modality in
the model of WP corresponding to the pure step. Similarly,
rules for introducing other primitive operations (such as load
and store) that generate additive time receipts can be derived
from PSTEP-INTRO.

4.4 Adequacy of Weakest Preconditions

A key theorem in Iris is the adequacy theorem, which states
that proofs in Iris carry meaning in the meta-logic (i.e., in
Rocq). The adequacy theorem in Iris is stated as [23]:

Theorem 4.1 (Adequacy). Let ¢ :Val — Prop be a pure (i.e.,
Rocq) predicate. If wp e {¢} and e executes in n steps to €',
then either (1) e’ can take another step, or (2) €’ is a value v
and ¢ v holds.

The adequacy theorem turns proofs of weakest precon-
ditions wp e {¢} into proofs of functional correctness of e,
namely that e is safe (i.e., does not get stuck), and if e termi-
nates, then ¢ v holds for the resulting value v. The adequacy
theorem consists of two parts, whose proofs are analogous.
We focus on part (2). Using the physical-step modality, the
proof of adequacy is relatively straightforward. First, we un-
fold the weakest precondition n times to end up in the value
case. After simplifying, this results in:

Sog '5'3”5(/1’0

Here oy is the initial state (e.g., the empty heap), and EEB" is
the n-fold iteration of the physical-step modality. Iris allows
us to obtain B S 0y, and we are thus left with:

' Bdo

At this point, the soundness theorem of the physical-step
modality (proven in § 5.3) can be applied to obtain ¢ v:

165

Theorem 4.2 (Soundness of the physical-step modality). If
¥ : Prop is a pure proposition and EE" B 1, then y holds.

Compare the adequacy proof above to the current Iris WP
model in Fig. 6. Unfolding WP gives:

S0 (Bfx; = (B>p)")'Bdo

Here x; and y; are dependent on each step i. The proof then
requires tedious bookkeeping of the x; and y; for each step
to reshape the above into the form:

tx -+ (Brp)! Bdo

The result ¢ v can now be extracted using soundness of later
credits [44]. As this bookkeeping needs to be redone for each
custom WP, designers of a domain-specific logic may choose
to opt out of later elimination features, for the sake of sim-
plicity. Hence, by consolidating through our physical-step
modality, we simplify the overhead associated with defining
a custom WP where features for multiple later elimination
are no longer opt-in—they are all readily available.

5 A Model of the Physical-Step Modality

In this section, we construct a model of our physical-step
modality and prove its soundness theorem. The model con-
struction builds on, and is inspired by that of later credits
and the later elimination update [44] and consists of 3 parts.
First, we define a model of time receipts that supports the
time receipt rules in Fig. 4, including an additional supply
resource which generates time receipts and bounds the exist-
ing time receipts (§ 5.1). Second, we define the physical-step
modality modality using Iris’s modalities, later credits, and
our supply resource, and prove that it satisfies the rules in
Fig. 7 (§ 5.2). Third, we prove soundness (Theorem 4.2). This
proof depends on the bound provided by the supply resource,
and the existing soundness theorem for later credits (§ 5.3).

5.1 The Time Receipt Supply

We introduce a supply resource supply n. ng, a piece of Iris
ghost state that governs the existing time receipts. Specif-
ically, it states that any existing time receipt is at most 7.,

SIncluding invariant masks, the last update is " B, which allows opening
all invariants to establish ¢.
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and that ng additive time receipts are currently disabled. Dis-
abling corresponds to giving up additive time receipts for
the duration of a physical step in the X-UsE rule.

The supply and time receipts themselves are modeled
via Iris’s mechanisms for ghost state. The construction is
described below and is not technically complicated, but re-
quires knowledge of Iris beyond the scope of this paper. This
model ensures that time receipts satisfy the time receipt rules
in Fig. 4, as well as the following rules for the supply:

SUPPLY-SNAPSHOT
supply, ne ng = By (n/2)

SUPPLY-INIT

B 3Jy. supply, 00

SUPPLY-VALID
supply, ne ng =« Byng - ng +ng < ne

SUPPLY-TR
supply, ne ng * X,m = supply, ne (ng +m)

SUPPLY-INCR
supply, n. ng - B supply, (ne + 2m) (ng + m)

The suppLY-INIT rule creates a new empty supply with ghost
name y, which relates the supply and its corresponding
time receipts. Since the physical-step modality uses a single
supply—created in § 5.3 during the soundness proof—y is
generally left implicit (hidden using a type class in Rocq).
The model of supply n, ng partitions n, into the maxi-
mum persistent time receipt, and sum of additive time re-
ceipts. The suPPLY-SNAPSHOT rule states that the persistent
partition is at least half, so we can generate n,/2 persistent
time receipts. Since additive and persistent time receipts are
lower bounds of their partitions, SUPPLY-VALID states that
no additive and persistent time receipt together exceed n,.
The suppLyY-TR rule disables and enables additive time re-
ceipts by moving them into and out of the supply. Finally,
the suPPLY-INCR rule creates new disabled additive time re-
ceipts by increasing both partitions by the same number.
Neither the SUPPLY-SNAPSHOT nor the SUPPLY-VALID rule
provide a supply resource in the conclusion. For instance,
instead of SUPPLY-SNAPSHOT, one might expect the follow-
ing rule: supply, ne ng - B, (n./2) = supply, n, ng. When
the conclusion of a rule in Iris is persistent, the assump-
tions are not consumed. Formally, given a rule P -+ Q where
persistent(Q), we have that P - P % Q. As such, the afore-
mentioned rule is derivable from sUPPLY-SNAPSHOT.

Model of the supply. For Iris experts we summarize
how supply, B and X are modeled using Iris’s view cam-
era [50]—a generalization of the authoritative camera [23,
§6.3.3], inspired by the Views framework [11]. The authori-
tative and fragment elements of the view camera are related
by a user-picked relation R (for the authoritative camera the
relation is R £<). A key property of the view camera over
the authoritative camera is that fragments may be updated
without owning the authoritative element, as long as the
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relation R remains valid. This key property of the view cam-
era enables us to prove the B-INCR and X-SNAPSHOT rules
without requiring ownership of the supply. For our supply
and time receipts, the authoritative and fragment are n, and
the pair (ng, ng) respectively, using the relation:

Rne (ng,ng) = 3pg,pr-ne = px + pr A px < pg A
ng < px Ang < pg

The relation R partitions time receipts into an additive (pg)
and persistent (pg) part, ensuring that the persistent part
is largest, and that the fragment parts ng, ng lie within the
corresponding partitions. By the key property, the supply
is not necessary to change the partitioning for the X-1Ncr
rule, as n, remains the same. The time receipts Xn and Bn are
modeled as owning a fragment of n of that time receipt, and 0
of the other. Finally, supply, n. ng is modeled as owning
the authoritative part and ng additive time receipts.

5.2 A Model of the Physical-Step Modality

We now define the physical-step modality using the supply,
later credits, and existing Iris modalities as follows:

—k

EXP £ Vn,, ny. supply n, nyg *
(B >) """ supply (ne +2f(1+n.)) (f ng) % P

The definition contains the supply supply n, ng describing
the maximum persistent time receipt n, and number of dis-
abled additive time receipts ng. It provides the remaining
later credits for the step (red) corresponding to the enabled
time receipts, followed by eliminating one plus the maxi-
mum persistent time receipt (blue), allowing resource up-
dates between each later. Finally, the updated supply and
proposition P are established. The function f is the top-level
generation function as described in § 3.1. Updating the sup-
ply creates f(1 + n,) new additive time receipts, increasing
the supply by 2f(1 + n,). This corresponds to the case in
PSTEP-INTRO, where we use the maximum persistent time
receipt Bn,. Of these, a portion f ng corresponding to the
previously disabled time receipts are kept disabled, whilst
the rest are used to establish P.

This model and the earlier supply rules are sufficient to
derive the rules in Fig. 7. Key to the derivation is that the
supply bounds the size of active time receipts (SUPPLY-VALID),
and in turn the number of laters and later credits.

The remaining problem is to distribute the new additive
time receipts between PSTEP-INTRO and PSTEP-X-USE. This
is done by disabling the time receipts used in PSTEP-X-USE,
and enabling the corresponding time receipts after the step.
In PSTEP-INTRO, the SUPPLY-VALID rule bounds n, and super-
additivity of f (§ 3.1) is used to partition the later credits
and additive time receipts between the active (n, from pSTEP-
INTRO) and disabled (ng) time receipts.
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5.3 Soundness Theorem

Given the model of the physical-step modality, it remains
to prove its soundness theorem (Theorem 4.2). This proof
is done in two stages. First we remove the time receipt and
physical-step modality abstractions and converting laters
to later credits, and then we apply the existing soundness
theorem for later credits [44, Lemma 5.3 & 5.5]:

Theorem 5.1 (Soundness of later credits). If ¢ is a pure (i.e.,
Rocq) proposition and £n -+ B ¢ (in Iris), then ¢ holds.

It remains to remove the time receipt and physical-step
modality abstractions. First consider a single physical-step
modality. In the model, the number of later credits and lat-
ers are determined by supply n, 0 (with all additive time
receipts enabled). Converting laters to later credits using £-
USE, the number of later credits necessary for the step (g ),
and maximum time receipt after the step (g.) are:

gene = (1+fnd)+f(1+ns) gene=ne+2f(1+n,)

Given initial supply supply n. 0, these functions determine
the number of later credits necessary to unfold both single
and multiple steps:

Lemma 5.2. Ifsupply n, 0 = EEP, then
£(ge ne) B> supply (ge ne) 0 P.

Proof. First unfold the definition of E¥& and apply the initial
supply. Next, use £-UsE to convert the laters into later credits
(resulting in g¢ n, in total) and f 0 = 0 (§ 3.1) to prove there

are no disabled time receipts in the resulting supply. O
Theorem 5.3. Ifsupply n, 0 * EES5P, then

£ (255 gc (gina)) = B P.

Proof. Apply the prior lemma k times. O

A key part of this theorem is the formula g; (g n.), de-
scribing the number of later credits, hence laters, per step i
for the initial supply supply n. 0. The final proof of sound-
ness (Theorem 4.2) follows from creating the initial supply
supply 0 0 using supPPLY-INIT, then applying Theorem 5.3
and finally Theorem 5.1.

6 Mechanization and Applications

We mechanized the physical-step modality in Rocq using
the Iris Proof Mode [26, 28], and migrated the projects in
Figure 1. The mechanization is available on Zenodo [41]. We
migrated the standard definition of WP in Iris and HeapLang,
in the way described in this paper. For the other projects in
Figure 1, the migration was similar. We discuss details re-
lated to the mechanization (§ 6.1), RefinedRust (§ 6.2), Peren-
nial (§ 6.3), Trillium (§ 6.4), and Actris (§ 6.5). Finally, we give
an overview of how we consolidated the logical-step modality
used in RefinedRust and Trillium (§ 6.6), and conclude with
limitations of our approach (§ 6.7).
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6.1 Mechanization

A prerequisite for using our proof rules (Fig. 4) is selecting the
right generation function f. As discussed in § 3.1, verifying
different modules requires different generation functions,
such as fn = n for Actris (§ 6.5) or fn = 10n to support
Perennial’s investing mechanism. Instead of hard-wiring
this choice into the definition of WP, we let the user specify
an appropriate function fys for each module M, and obtain
the top-level generation function f by taking the pointwise
maximum of the functions fys for all used modules.

Handling different generation functions for different mod-
ules resembles Iris’s existing parameterization of resource
algebras [49]. Each module individually defines the resource
algebras it requires. When creating a closed proof in ade-
quacy, the resource algebra is determined to be the product
of resource algebras required by the used modules.

Our mechanization extends the existing Iris infrastruc-
ture such that each module specifies not only its required
resource algebras, but optionally also its generation function.
When constructing the product of resource algebras during
adequacy, we also compute the top-level generation function.
Consequently, different generation functions may be used
as seamlessly as different resource algebras.

6.2 RefinedRust

RefinedRust [15] is an Iris-based verification tool for proving
functional correctness of Rust programs using a semantic
refinement type system. Like HeapLang, RefinedRust’s pro-
gram logic is based on the standard weakest precondition of
Iris. RefinedRust modeled time receipts in a way that resulted
in two WP rules for each primitive operation: one requiring
time receipts, and one incompatible with them. The latter
rule cannot be derived from the former. After migration,
each primitive operation has a uniform proof rule using the
physical-step modality, from which both prior variants can
be derived. To more easily work with additive time receipts,
RefinedRust provides a logical step modality (| P), used
throughout its semantic type system. We are able to recover
this modality using our generalization presented in § 6.6.

6.3 Perennial

Perennial [7] is a program logic built on top of Iris for ver-
ifying safety in the context of crashes. A key ingredient is
the extension of WP with a crash postcondition. In both the
value and non-value case of the definition of this WP, there
is a case split on whether the system has crashed. Both cases
previously employed ad-hoc techniques for multiple later
elimination. In our revised definition we use our physical-
step modality only in the non-crash case. Instead of using an
ad-hoc technique in the crash case, we noticed that this case
does not need any multiple later elimination technique at all
if we define their later tokens differently. With this change,
we were able to recover all the original top-level rules of
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Perennial. While we do not preserve the exact semantics of
their original WP, the Perennial maintainers [40] confirmed
that their original definition was not integral to the frame-
work, and was only a means to make their top-level rules
provable. The remainder of converting Perennial to use our
physical-step modality is similar to HeapLang.

6.4 Trillium

Trillium is a program logic built on top of Iris for proving re-
finements between execution traces of a program and traces
of a user-picked model [52]. Trillium’s adequacy theorem
says that one can obtain the refinement as a meta-level coin-
ductive definition. This makes the adequacy proof atypi-
cal compared to other Iris-based program logics on three
accounts. (1) The proof uses an intermediate definition, de-
fined as a guarded fixpoint in Iris. The laters in this definition
should align exactly with those in WP. (2) The proof uses a
different soundness theorem for the update modality than
Iris’s default version, which permits iteratively eliminating
updates from WP, necessary to establish a connection with
the intermediate definition [53]. (3) The adequacy proof, and
thus the whole of Trillium, is incompatible with later credits,
as it uses conflicting lemmas about plain propositions [44].

In our conversion to the physical-step modality we had
to consider all three points above. (1) We instrumented the
intermediate definition with the functions g; and g, to en-
sure alignment of laters (§ 5.3). (2) We proved an alternative
version of our soundness theorem (akin to [53]). (3) We ob-
served that it is possible to make our version of Trillium
compatible with later credits. We emphasize that the latter
is not a consequence of using our physical-step modality,
and could have also been achieved by changing the original
definitions and proofs. Even so, we argue that the simplifica-
tion of mechanisms provided by our physical-step modality
is what allowed us to discover the possibility of re-enabling
later credits in Trillium, emphasizing its benefits.

6.5 Actris

Actris [18-20, 42] is a framework for verification of message-
passing programs based on session types built on top of Iris.
A key ingredient is its channel ownership predicate ¢ > p,
which is like our Q ¢ 4 predicate for queues (§ 3.2). Unlike the
queue predicate, the argument p is not a first-order data type
(such as a list of values), but a protocol. Protocols can be re-
cursive and higher-order, necessitating the use of a guarded
fixpoint (and laters) in the definition of protocols and the
predicate ¢ > p. Consequently receiving on a channel (like
dequeue) requires eliminating a number of laters n propor-
tional to the channel’s buffer size. Hinrichsen et al. [19] origi-
nally solved this problem by instrumenting the program with
n times a skip instruction. Later, in their Rocq development,
they removed the instrumentation by employing persistent
time receipts. Somers and Krebbers [42] extended Actris
with a link operation (like append) and employed additive
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time receipts, which they encode in terms of persistent time
receipts. This encoding causes needless overhead (in particu-
lar, tracking an additional invariant mask in Iris), which our
work removes. Gondelman et al. [16] developed a version of
Actris for distributed networks on top of Aneris [29], and
employ the logical-step modality discussed next.

6.6 The Logical-Step Modality

RefinedRust [15] and Aneris [16] independently developed
an approach to handle multiple later elimination proof obli-
gations, based on a logical-step modality - P, capturing
that resource P is available after a physical step has been
taken. This intuition is made precise by the following rule:

e ¢Val (> P) = wp e{tp}
wp e {w. P« ®w} ‘

The logical-step modality is realized by internalizing the step
counting, alongside ghost state enriched with time receipts.
The versions of the modality in RefinedRust and Aneris are
different. The former uses later credits and additive time
receipts, while the latter uses laters and persistent time re-
ceipts. Our logical-step modality unifies both, and has a very
simple definition in terms of our physical-step modality:

> P 2 VR. (EB®R) -+ EB&(R = P)

That is, P is frame-preserving (proven under any frame R),
closed under the physical-step modality.

6.7 Limitations

In migrating the projects in Fig. 1 we determined the two lim-
itations of using the physical-step modality. First, deriving
time receipt rules with conjunction (e.g., -LATERN) requires
weakening the definition of weakest precondition. Second,
like the later modality, our modality is not a monad.

Weaker WP. A change to the WP definition (Fig. 6) is to
move the update modality into the conjunction. This change
results in a weaker definition, and consequently proofs of
rules that have a WP as a premise need to be changed. For the
WP rules this change was straightforward, as they involve a
WP as a premise and the conclusion. The change to adequacy
has been discussed in § 4.4 and § 6.4.

Our physical-step modality could be used without weak-
ening WP, by replacing the conjunction in ¥-LATERN and X-
PURE-STEP with a separating conjunction. This loses expres-
sivity: one cannot use X-E-INCR or open invariants without
closing them to establish the lower bound Bn in R-LATERN,
and X-PURE-STEP without affecting the other conjunct.

Not monadic. Many modalities in Iris, such as the update
modality, are monadic (i.e., transitive). This enables stripping
the modality from an assumption, provided the same modal-
ity appear in the goal. For instance, to prove (B P) -+ B Q,
it suffices to prove P -+ £ Q. Neither the later modality nor
our physical-step modality have this property.
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The original crash case of Perennial’s WP used a modal-
ity similar to the physical-step modality that admits a rule
of the form X1 = (E¥> EE> P) - E¥>P, where transitivity
holds if a time receipt (later token in Perennial) is given
up. Unlike their original modality, which does not generate
time receipts, such a rule is unsound for our physical-step
modality. Specifically, if f 1 = 2, such a rule and pSTEP-X-USE
would result in X2 = (EE" P) -+ E¥>P for all n, and hence
X2 %" P =« EX>P, breaking soundness.

7 Related Work

Transfinite Iris. Transfinite step-indexing [46], which
has been integrated into Transfinite Iris [43], allows the elim-
ination of an unbounded number of laters at each physical
step. It can be combined with later credits, allowing the gen-
eration of an unbounded number of later credits per step [44].
Unlike flexible step-indexing, this number does not depend
on the number of physical steps performed so far, and as
such, there is no need for time receipts to count steps. We
thus believe that our modality is not applicable to transfi-
nite step-indexing. However, we stress that transfinite step-
indexing is not a silver bullet because it is incompatible with
the distributivity rules »-sep and >-Ex1sTs [43]. These rules
are commonly used in Iris projects in practice, in particular,
the Iris projects we discussed in § 6.

Steel and Pulse. Steel [13, 48] provides an embedding of
concurrent separation logic in F* [47], with features inspired
by Iris. The way programs and proofs are written is different
in Iris and Steel. In Iris, one states the program and then
proves a weakest precondition (using tactics in Rocq), while
in Steel proofs are written as annotations of the program.
Consequently, in Steel, updates—such as opening and closing
invariants or accessing ghost state—are written as program
steps (ghost actions), which are erased during compilation.
Steel supports dynamically-allocated invariants and first-
order ghost state without step-indexing in the user-facing
logic. Internally, this is achieved by treating ghost actions as
steps, hence its model has a “later in disguise” [48, p18] at
the point of ghost actions. Unlike Iris, Steel does not support
higher-order ghost state and cannot be used beyond Hoare-
style specifications, e.g., contextual refinement [13, p27].

Pulse [12] is a more recent concurrent separation logic
embedded in F*. Inspired by Iris, it adopts step-indexing
and supports higher-order ghost state and impredicativity.
Similar to Steel, Pulse represents updates as ghost functions,
which are erased during compilation. However, unlike Steel
and Iris, most program steps (and ghost functions) in Pulse
do not allow one to eliminate a later. Thus, when opening
an invariant, its content remains guarded by a later. Laters
in Pulse are eliminated using later credits, which can be gen-
erated only by the buy ghost function that produces a single
credit. As proofs and programs are intertwined in Pulse, the
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necessary number of credits, and hence buy ghost opera-
tions, can be determined. Consequently, there is currently
no need for other operations to eliminate laters, as such buy
operations can be inserted directly into the program.

Stratified propositions. A key reason for step-indexing
in Iris is to support invariants and higher-order ghost state.
Another approach, developed by Matsushita [32] and Lee
et al. [30] is to employ stratified propositions, where invari-
ants and higher-order ghost state are represented by a strati-
fied datatype describing the syntax of the proposition, rather
than the proposition itself, which would require impredica-
tivity. This approach enables higher-order ghost state and
dynamically-allocated invariants without step-indexing (and
laters), which they employ to reason about liveness proper-
ties. Stratified propositions, however, come with a cost. They
cannot support the impredicative features of Iris such as the
encoding of logically atomic triples [24, 25]. Later work by
Matsushita and Tsukada [34] extends stratified propositions
to allow arbitrary separation logic propositions, by explicitly
guarding them with a later. In that setting the multiple later
elimination problem still applies for ghost state using im-
predicative features, so it would be interesting future work
to see how our physical-step modality can be integrated.
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