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Abstract

Reasoning about concurrent programs is challenging due to shared mutable state and interference between
threads. This becomes particularly difficult when programs explicitly free memory, since one thread may
access a location that another thread has already freed.

In this thesis, we formally verify a wait-free single-enqueuer, single-dequeuer (SESD) queue algorithm
by Jayanti and Petrovic [JP05] in the Iris separation logic framework using the Rocq proof assistant
[The26]. The SESD queue is a building block of the main queue algorithm presented in [JP05]: a wait-free
multiple-enqueuer, single-dequeuer (MESD) queue algorithm that runs in logarithmic time. The SESD
queue algorithm consists of four operations: enqueue, dequeue, and two variants of readFront. We first
implement the queue operations in OCaml and then in HeapLang, a language designed for verification in
Iris.

We verify the SESD queue algorithm in three versions that build on top of each other:

First, we prove a sequential specification of the SESD queue algorithm to establish correctness of the
queue operations. Second, we verify a concurrent specification of a simplified version of the algorithm,
where no explicit memory freeing is performed. Here we focus on defining an appropriate Iris invariant
for a duplicable queue predicate that can be shared between the enqueuer and the dequeuer threads. In
particular, we are inspired by the notions of reachability and abstract reachability, which were introduced
in connection with verification of the Michael-Scott queue in [VB21]. Finally, we verify the full concurrent
SESD algorithm with explicit memory freeing. The main challenge in this setting is reasoning about
locations that are safe to read and safe to free. We introduce a logical alternative to points-to assertions,
and we keep track of which parts of memory have been freed. In addition, we add extra ghost state to
enable communication between enqueuer and dequeuer threads. Using these tools, we can prove that the
dequeuer never frees a part of memory that the enqueuer may access.

Overall, in this thesis, we verify the SESD queue algorithm in Rocq using Iris in a sequential version, a
concurrent version without memory freeing, and a concurrent version with explicit memory freeing. This
work supports future verification of the full MESD queue algorithm.



Resumé

Det er udfordrende at reesonnere omkring programmer, der kgres parallelt af flere forskellige trade. Det
skyldes iszer interferens mellem tradene, samt at hukommelsen kan tilgas og endres af alle tradene.
Dette bliver endnu vanskeligere, nar der eksplicit friggres hukommelse i programmer, idet én trad kan
forsgge at tilgd hukommelse, som en anden trad har frigjort.

I dette speciale verificerer vi formelt en wait-free single-enqueuer, single-dequeuer (SESD) kgalgoritme af
Jayanti og Petrovic [JP05] med Iris separationslogik-frameworket i bevisassistenten Rocq [The26].
SESD-kgen er en byggesten i den egentlige kpalgoritme, der praesenteres i [JP05]: En wait-free multiple-
enqueuer, single-dequeuer (MESD) kgalgoritme, der kegrer i logaritmisk tid. SESD kg-algoritmen bestéar
af fire operationer: enqueue, dequeue og to varianter af readFront. Vi implementerer fgrst kgoperationerne
i OCaml og derefter i HeapLang, der er designet til at verificere programmer med Iris.

Vi verificerer SESD kg-algoritmen i tre versioner, der bygger ovenpé hinanden.

Forst beviser vi en sekventiel specifikation af SESD kgalgoritmen for at bevise korrektheden af kgopera-
tionerne. Derneest verificerer vi en parallel specifikation af en forsimplet version af algoritmen, hvor der
ikke eksplicit friggres hukommelse. Her fokuserer vi pa pa at definere en passende Iris-invariant til et
duplikerbart kgpreedikat, som kan deles mellem enqueuer- og dequeuer-tradene. Vi er iseer inspireret af
begreberne reachability og abstract reachability, der blev introduceret i forbindelse med verifikation af
Michael-Scott-kgalgoritmen i [VB21]. Til slut verificerer vi den komplette parallelle SESD kgalgoritme,
der inkluderer eksplicit hukommelsesfriggrelse. Den stgrste udfordring i denne kontekst er at reesonnere
om, hvornar hukommelse er sikkert at tilgd og at frigere. Vi introducerer et logiske alternativ til points-to
assertions, og vi holder styr pa, hvilke dele af hukommelsen, der er blevet frigjort. Derudover tilfgjer vi
yderligere ghost state for at muligggre kommunikation mellem enqueuer- og dequeuer-tradene. Med disse
veerktgjer kan vi bevise, at dequeuer-traden aldrig friggr en del af hukommelsen, som enqueuer-traden
kan forsgge at tilga.

Alt i alt verificerer vi i dette speciale SESD-kgalgoritmen i Rocq med Iris i en sekventiel version, en parallel
version uden at friggre hukommelse, og i en parallel version, der inkluderer eksplicit hukommelsesfriggrelse.
Dette arbejde understgtter eventuel fremtidig verifikation af MESD kgalgoritmen.
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1 INTRODUCTION

1 Introduction

Reasoning about concurrent programs is challenging due to interference between threads and shared
memory, where small errors in the implementation can lead to race conditions and violations of safety
properties. This motivates the use of formal verification, which can ensure correctness and safety of
programs.

Iris is a higher-order concurrent separation logic framework that enables modular reasoning about con-
current programs, such as shared data structures. Iris has previously been used to verify a range of
concurrent algorithms and data structures, for example the Michael-Scott queue [VB21, Ped24].

In this thesis, we use the Iris separation logic framework [JIXJ" 18] in the Rocq proof assistant |[The26]
to formally verify a wait-free queue algorithm in a concurrent setting. The algorithm we study is the
single-enqueuer, single-dequeuer (SESD) queue, which is a fundamental part of the multiple-enqueuer,
single-dequeuer (MESD) logarithmic-time wait-free queue algorithm presented by Jayanti and Petrovic
[JPO5]. In the MESD algorithm, each enqueuer works on a local SESD queue and collaborates with the
other threads to propagate the front elements of these local queues to the root of a shared binary tree. As
a result, the correctness of the MESD algorithm relies on the correctness of the SESD queues. The goal of
this work is to formally verify the SESD algorithm in Rocq, including reasoning about explicit freeing of
memory, as it appears in Jayanti and Petrovic [JP05]. In particular, we define and prove specifications for
the queue operations in increasingly complicated settings. The algorithm consists of four operations: The
usual queue operations, enqueue and dequeue, and two auxiliary operations used in the MESD algorithm:
two variants of readFront, one for the enqueuer and one for the dequeuer.

We verify the SESD queue algorithm in three settings, each building on the previous one.

1. We prove a sequential specification of the SESD algorithm. This setting focusses on building an
understanding of the queue algorithm and reasoning about a queue in Iris.

2. We prove a concurrent specification for a simplified version of the algorithm in which we do not free
memory. This setting allows us to focus on the concurrency between the enqueuer and dequeuer. We
make the queue predicate duplicable using an Iris invariant, distribute points-to assertions between
the two threads, and use ghost state to capture how the queue changes during the executions of
concurrent queue operations.

3. We prove a concurrent specification for the full SESD algorithm, including freeing memory. This
requires additional reasoning about when a location is safe to read for the enqueuer and safe to
free for the dequeuer. This coordination between the enqueuer and dequeuer is captured using
additional ghost state in the queue invariant.

The algorithm is originally presented in pseudocode in Jayanti and Petrovic [JP05]. We first implement
the algorithm in OCaml and then translate it into HeapLang, a language designed for verification in Iris.
This translation from the paper’s pseudocode to HeapLang via OCaml allows us to have executable and
testable programs before verifying them.

All proofs are mechanised in Rocq.

The report is organised as follows: Section 2 presents the paper’s [JP05] queue algorithm, focussing on
the single enqueuer, single dequeuer (SESD) version. In section 3, we give a brief overview of the Iris
framework and HeapLang. Section 4 discusses related work on the verification of similar data structures in
Iris. Section 5 presents the HeapLang implementation of the four operations in the SESD queue algorithm.
In section 6 we define and prove the sequential specification. In section 7, we prove the concurrent
specification without freeing. We focus on how we adapt the queue predicate from the sequential to the
concurrent setting using Iris invariants. Finally, in section 8, we prove the concurrent specification of the
full SESD algorithm including freeing. This introduces many additional ghost resources to the queue
invariant compared to the non-freeing version. We focus on why these additions are necessary in the
proofs of the specification. In section 9 we conclude and discuss future work, including a higher-order
concurrent abstract predicate (HOCAP) specification of the SESD algorithm, and a verification of the
full MESD algorithm.
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2 A Sub-Linear Wait-Free Queue Algorithm

In the paper Logarithmic-Time Single Deleter, Multiple Inserter Wait-Free Queues and Stacks [JP05],
Jayanti and Petrovic present a wait-free queue algorithm with multiple enqueuers and a single dequeuer.
The authors additionally present a single-enqueuer, single-dequeuer (SESD) version of the algorithm, that
acts as a building-block of the full multiple-enqueuer, single-dequeuer (MESD) queue algorithm.

The authors highlight two main properties of the MESD queue algorithm:

1. Sub-linear time complexity: both enqueue and dequeue operations run in O(logn) worst-case
time.

2. Space efficiency: the algorithm uses O(n + m) space, where n is the number of threads and m is
the number of stored elements.

2.1 Single Enqueuer, Single Dequeuer Queue

We focus on the single-enqueuer, single-dequeuer (SESD) version of the algorithm.

The SESD queue algorithm has four operations: enqueue, dequeue, and two versions of readFront that
reads the front element of the queue; one for the enqueuer and one for the dequeuer. We will distinguish
them by naming them readFrontEnq and readFrontDeq.

Below, we define the types, the shared variables and the initialisation of the shared variables as described
in the paper.
Types:
* NodeType = record { v : Val', next : + NodeType }
Shared Variables:
x First, Last, Announce, FreelLater : T NodeType
x Help : Val
Initialisation:
x First, Last := new Node();
* FreelLater := new Node();

The queue is represented as a linked list of nodes: A node is a record cousisting of a value (a queue
element) and a pointer to the node in the linked list, which contains the next queue element.

There are five shared variables between the dequeuer and the enqueuer; The First and Last pointers are
used to locate the first and last nodes of the linked list (the front and back elements of the queue), while
the rest of the shared variables — Announce, FreeLater and Help — are auxiliary variables used to ensure
safety of the queue algorithm.

The queue is initialised by letting First and Last locations point to the same empty node, the dummy node
of the linked list, and letting the FreeLater location point to a different empty node. This step ensures
that there is always a node to free.

Based on these types and the shared variables, we can illustrate a (non-empty) queue as a linked list as
follows:

1The type of the elements in the queue can be freely chosen by the client.
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First Last

FreeLater Help —> v
Announce

Figure 1: Illustration of the queue and the shared variables. Each v; is a queue element, and each next; is
a location pointing to the next node.

The nodes pointed to by FreeLater and Announce are part of the linked list, and the value stored in Help
is the value of the current or the previous front node. We denote the last node of the linked list the
dummy node, since it does not contain any queue element.

We go through the four operations as described in the paper’s [JP05] pseudocode. The pseudocode is
very high-level and leaves many operations implicit. For example, every time a pointer is mentioned in
the pseudo-code, it is dereferenced. When we e.g. compare tmp == Last, we dereference the Last pointer,
and compare the contents of the nodes.

2.1.1 Enqueue

To enqueue a value v to the queue, we first create a new empty (dummy) node, newNode. Second, we read
the current last node (the dummy node) tmp and write the value v into it. Next, we insert a the pointer
newNode to the newly created node into tmp, such that the freshly allocated node newNode becomes the
new dummy node of the linked list. Finally, we move the Last pointer to point to the dummy node.

Pseudocode (from [JP05]):

function enqueue(v : Val) : void {
1 newNode = new Node () ;
2 tmp = Last;
3 tmp.val = v;
4 tmp.next = newNode;
5 Last = newNode;
}

We illustrate the enqueue operation and its effect on the linked list:
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enqueue(v) Last
Line 1 Last newNode
Lines 3-4 Last

o y—lrome)—Camm

Line 5 Last

Y
v, newNode

Figure 2: Enqueuing a value v.

2.1.2 Dequeue

To dequeue a value from the queue, we first check if the queue is empty by checking if the First pointer is
equal to the Last pointer. If it is empty, we return L. Otherwise, we read the current front node in the
queue, tmp, and move the First pointer to point to the the second node in the queue.

We check whether the front node tmp has been announced by the enqueuer. If that is the case, we free
the node stored in Freelater, and store the announced front node tmp in Freelater.

If the node tmp has not been announced, we free it.

In both cases, we return the value stored in the front node tmp.

Pseudocode (from [JP05]):

function dequeue() : Val {

6 tmp = First;
7 if (tmp == Last) { return Ll; }
8 retVal = tmp.val;
9 Help = retVal;
10 First = tmp.next;
11 if (tmp == Announce) {
12 tmp' = Freelater;
13 FreelLater = tmp;
14 free(tmp');
} else {
15 free(tmp);
}
16 return retVal;
}
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dequeue() First

Line 9 First
o Com )i
Line 10 First

Figure 3: First part of dequeue: Store the value v in Help and move the First pointer.

Line 12 (Announce = tmp) Line 15 (Announce != tmp)
FreeLater Announce First First
Lines 13-14
FreeLater Announce First

Y
" neXtFL @ @

Figure 4: Second part of dequeue: If the current first node, tmp, has been announced, we free the node
that FreelLater points to, and mark tmp to be freed later. Otherwise, we free tmp.

2.1.3 readFront (Enqueuer)

We first read the front element and store it in tmp. If the queue is empty, we return L. Otherwise, we
announce that we will read the value stored in tmp by storing tmp in shared Announce variable. This
signals to the dequeuer that it should not free the memory used by this node yet.

We then read the variable First again to check if it has changed since we last read it, i.e. if the current
first is still tmp.

If First has changed, it is not necessarily safe to read tmp. Instead, we read and return the value stored in
the shared variable Help. The Help variable is updated in the dequeue operation, and thus either contains
the value of the current front element of the queue, or the value of some element that has been the front
element within this ReadFront operation.
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If First has not changed, then it is safe to read and return the value stored in node tmp.

Pseudocode (from [JP05]):

function readFrontEnq() : Val {

17 tmp = First;
18 if (tmp == Last) { return 1; }
19 Announce = tmp;
20 if (tmp # First) {
21 retVal = Help;
} else {
22 retVal = tmp.val;
}
23 return retVal;
}

2.1.4 readFront (Dequeuer)

The readFront operation for the dequeuer is straightforward. We simply check whether the queue is empty,
in which case we return L, or we return the value stored in the front element of the queue. This is always
safe, since only the dequeuer itself can free the first node.

Pseudocode (from [JP05]):

function readFrontDeq() : Val {

24 tmp = First;
25 if (tmp == Last) { return 1l; }
26 return tmp.val;

}

2.2 Multiple Enqueuer, Single Dequeuer

In the paper, the single-enqueuer, single-dequeuer (SESD) algorithm is designed as a building-block of
the main queue algorithm, the multiple enqueuer, single dequeuer version (MESD).

In this setting, we have a single dequeuer and n concurrent enqueuers. Each enqueuer is assigned a
unique thread id ¢id € {1,...,n} and maintains its own local SESD queue (described in section 2.1).
Importantly, each enqueuer can only interact with its own local queue.

The main idea of the MESD queue algorithm is to keep a shared binary tree, where each internal node
represents a local queue and its front element. Concretely, it contains a pair (ts, tid) of the thread id of
an enqueuer and the timestamp of the front element of that enqueuer’s local SESD queue. The invariant
of the tree ensures that the timestamp ts is the smallest timestamp observed in its subtree. The n
leaves correspond to the local queues of the n enqueuers. All threads propagate minimum timestamps
bottom-up towards the root of the tree in each operation, which ensures that the root always contains
the pair (tSmin, tid) with the globally minimal timestamp, and thus identifies the front element of the
global queue. Therefore, to dequeue from the global queue, the dequeuer reads the tid of the root of the
tree and performs the SESD-dequeue operation on the corresponding SESD queue.

The SESD-readFront operation is used to read the front element of the local queue during propagation in
the tree, which happens during dequeueing and enqueueing in the global queue.

Overall, the MESD algorithm uses the local SESD queues to ensure wait-free enqueue and dequeue
operations for each thread. The binary tree gives a logarithmic-time algorithm for identifying the front
element of the global queue by propagating the queue with the earliest timestamp of its front element to
the root. This combination results in a sub-linear wait-free multiple-enqueuer, single-dequeuer queue
algorithm.

3 Iris & HeapLang

We briefly introduce the parts of Iris and HeapLang that are relevant for this project. We assume that
the reader is already familiar with the Iris framework and the presentation in the lecture notes [BB23],



3 IRIS & HEAPLANG

and therefore only fix notation and highlight the aspects that are used throughout the thesis.

Iris [JKJ 18] is a higher-order concurrent separation logic framework implemented in the Rocq proof
assistant. It has already been used to verify several concurrent data-structures of varying complexity, for
example the Michael-Scott queue [VB21, Ped24]. In particular, Iris supports ghost state and invariants,
which enable modular reasoning about shared memory and interference between concurrent threads. With
Iris, we can prove safety and partial correctness of concurrent programs.

HeapLang is an untyped ML-like language with references and concurrency. It is designed as an example
language for the Iris program logic and is thus a suitable language for verifying programs in Iris. We use
the HeapLang language as it is defined in the Rocq formalisation of Iris.

In this project, we verify the SESD queue algorithm using an abstract specification style, where the
queue predicate is existentially quantified and exposed to the client. For example, the sequential queue
specification (section 6) existentially quantifies a queue predicate isQueueSeq:

T isQueueSeq : Val — list(N x N x Val) — (Val — iProp) — iProp,
V®. {True} init() {v. isQueueSeq(v, nil, @)}
A
Vq, ®, xs,ts, tid, w.
{isQueueSeq(q, zs, @) * ®(w)} enqueue(q,ts,tid,w) {v."v = ()7 * isQueueSeq(q, xs+[(ts, tid, w)])}
N

There are other ways of designing specifications, for example by sealing the implementation in a module
or by using the higher-order concurrent abstract predicate (HOCAP) style specification. We return to
this discussion in section 9.

In the remainder of this section, we will mainly fix the notation of the logic which we will be using in the
rest of the thesis, as well as comment on the change we make for the Hoare triple concerning memory
freeing.

3.1 The Logic

We assume familiarity with the basic Iris program logic as presented in [BB23]. Below, we summarise the
notation and rules most frequently used in the proofs.

Points-to Assertions
We use the following notation for points-to relations:

¢ — v (normal points-to)
g v (persistent points-to)
l+1/5 v (fractional points-to)

The following standard properties will be used repeatedly (and often implicitly):

Lemma 3.1. (Properties of points-to assertions)

PERSPTPERS PTTOPERSPT PERSPTAGREE PTExcL
{—=gv = {—=gv A = 0=
O —g v) l=gwv fp =1 False
PTSpLIT PTCOMBINE
{— v £H1/2U*€'—>1/2’0/
SRR A X b vs Ty=1"

We slightly strengthen the Hoare triple for the expression free(¢). Instead of returning True in the
postcondition, we return an exclusive assertion stating that the location has been freed:

{l — v} free(?) {freed(¢)}.


https://gitlab.mpi-sws.org/iris/iris/-/blob/master/iris_heap_lang/lang.v?ref_type=heads
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This assertion satisfies the following exclusivity properties:

FREEDPTFALSE FREEDFREEDFALSE
L= v freed(?) freed(?) freed ()
False False

Iris supports ghost state, i.e. logical resources that exist only in the proof and not in the program itself.
Concretely, ghost state consists of elements of a resource algebra (RA) with a ghost name 5. Threads can
own fragments of ghost state and update them according to the rules of the underlying RA. Throughout
this project, we use ghost state to record information about the queue that is not explicitly represented in
memory, for example historical information about announced locations, logical points-to assertions, and
abstract reachability relations between locations in the queue. We introduce the relevant ghost resources
and their associated RAs as they are used in the proofs, and we assume familiarity with common RAs
such as the agreement, authoritative, fractional and exclusive RAs.

Finally, in the proof sketches given in this thesis, we will — for the most part — ignore later modalities and
update modalities. Reasoning about these is largely orthogonal to the interesting parts of the proofs, and
most of the propositions we work with are timeless.

4 Related work

The concurrent specification given in this thesis is inspired by the style of specifications commonly used
in Iris, for example for a concurrent stack and bag in the Iris lecture notes [BB23|. These specifications
are weak in the sense that they focus on safety under concurrency, and only guarantee that operations
return values that were previously inserted, without enforcing e.g. FIFO behaviour.

Concurrent queue algorithms have previously been verified in Iris. For example, the Michael-Scott
queue [MS96], a concurrent lock-free queue. Since the SESD queue [JP05] studied in this thesis is also
represented as a linked list modified concurrently by enqueuers and dequeuers, the verification of the
Michael-Scott queue is particularly relevant. In the paper Contextual refinement of the Michael-Scott
queue (proof pearl) [VB21], the authors prove contextual refinement between the Michael-Scott queue
and a coarse-grained queue using Iris and ReLoC. In this work, the authors introduce the notions of
reachability and abstract reachability between queue nodes, as well as the persistent points-to assertion.
In our proofs, we reuse these notions of reachability and abstract reachability, together with persistent
points-to assertions. We use reachability to reason about how queue nodes relate as the enqueuer and
dequeuer concurrently modify the linked list representing the queue. The Michael-Scott queue has also
been verified in the Master’s thesis Verification of the Blocking and Non-Blocking Michael-Scott Queue
Algorithms [Ped24], where the author develops a higher-order concurrent abstract predicate (HOCAP)
specification for both the blocking and non-blocking variant of the queue. Reachability and abstract
reachability is also used in these proofs.

There are, however, differences between the Michael-Scott queue and the SESD queue: The Michael-Scott
queue supports multiple concurrent threads, and exists in a blocking and non-blocking variant. The SESD
queue, on the other hand, is wait-free, but only allows concurrency between a single enqueuer and a single
dequeuer. Although both algorithms are based on linked lists, the slightly different representations mean
that we have to adapt the definitions of reachability and abstract reachability to our setting. Furthermore,
the SESD algorithm explicitly frees memory during the dequeue operation. Reasoning about freeing
memory in a concurrent setting is complicated, and we must come up with new techniques to reason
about it.

Finally, since the concurrent specification in this thesis is weak in the sense that it does not capture
the queue’s FIFO behaviour, future work includes proving a HOCAP-style specification, similar to [Ped24].

Jayanti and Petrovic’s SESD queue algorithm has also recently been studied in the paper Verifying
wait-freedom for concurrent higher-order programs [NBT26]. In this work, the authors focus on a liveness
property of the algorithm: They prove wait-freedom of the SESD queue, using the Lawyer concurrent
separation logic, which is built on top of Iris. In contrast, this thesis focuses on proving safety and partial
correctness properties of the SESD queue algorithm.
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5 HeapLang Implementation of the Queue Algorithm

In this section, we present the implementation of the SESD queue algorithm [JP05] in HeapLang. The
algorithm is written in pseudocode in the paper and thus leaves many implementation details implicit,
such as initialisation, data representation, pointer comparison and shared variables. We implement
the algorithm in two variants, with and without explicit freeing of memory. We only show the full
implementation that includes freeing memory here, but both versions are available in Rocq.

We first give an intermediate OCaml implementation of the queue operations that we use to ease the
implementation in HeapLang.

5.1 OCaml implementation

To make the translation from the pseudocode in the paper to HeapLang easier, we implemented the SESD
algorithm in OCaml, including a simple test. This allows us to execute the algorithm and perform basic
tests. We can check that our translation from pseudocode behaves as expected, including the initialisation
of the queue and the types of the variables, that are not well specified in the paper’s description of the
algorithm. Furthermore, OCaml is relatively close to HeapLang (pattern matching, heap allocation,
pointer equality, etc.), so the translation from the executable OCaml implementation to HeapLang is
easier than implementing the programs directly in HeapLang. As a result, the OCaml implementation acts
as an intermediate “testable” implementation that helps us translate the paper’s pseudocode programs
into HeapLang programs as closely as possible.

5.2 Types and Shared Variables

HeapLang does not have types. We want to imitate the types and the structure of the queue described in
the paper [JP05]. There are some differences:

1. We represent the global variables — First, Last, Announce, FreeLater and Help — as pointers. Conse-
quently, we use an extra intermediate location between the nodes compared to the nodes described
in the paper. The main reason for this is to enable pointer comparisons, e.g. First == Last. By
adding an intermediate location ¢, we can check whether First and Last both point to the same £
instead of comparing the nodes directly. Since we add an intermediate locations, we also have to
free an extra location in the dequeue program.

2. We represent the shared queue ) as a persistent points-to assertion, pointing to a tuple of the
shared variables: @ > (First, Last, Announce, FreeLater, Help). This enforces agreement on the
shared variables between the threads. In the programs, we access a shared variable, e.g. Last by
reading Q and projecting to the second element of the tuple.

3. We use explicit option types for the shared variables Announce and Help. Therefore, in the programs,
we make additional checks to see if a variable is inj; () or inj, (v). We also represent the different types
of nodes (normal or dummy) using inj; () or inj, (v, next) respectively, which also adds additional
pattern matching to the programs.

4. In our HeapLang implementation, we do not have records, so instead we represent a node as a
pointer to a pair consisting of a value and a location pointing to the next node. For compatibility
with the full MESD algorithm (section 2.2), the value itself consists of a timestamp, a thread id
and the actual value of the queue element, e.g. v; = (ts;, tid;, w;).

With these definitions, we can illustrate a (non-empty) queue with intermediate locations as follows
(compare to the paper’s [JP05] queue, fig. 1):
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First Last

gdummy

FreelLater —> 2L Help ——> v
Announce —> 4a

Figure 5: Illustration of the queue and the shared variables (HeapLang version).

5.3 Implementation

Below, we give the HeapLang implementation of the four operations. Compare with 2.1.

5.3.1 Initialisation

Definition init : val :=

A O.
let dummyNode := ref inj, () in
let freeLaterNode := ref inj, () in
let First := ref dummyNode in
let Last := ref dummyNode in
let Announce := ref inj, () in
let FreeLater := ref freeLaterNode in

let Help := ref inj, () in
ref (First, Last, Announce, FreelLater, Help) .

First Last

2 I / FreeLater ——> 2L
dummy

Announce ——> None

@ Help ——> None

Figure 6: Illustration of the queue after initialisation.

5.3.2 Enqueue

Definition enqueue : val :=
A ts, tid, v, Queue.
let newNode := ref inj; () in
let tmp := ! ((!Queue).Llast) in
tmp < inj, (ts, tid, v, ref newNode) ;;
(' Queue) . Last <+ newNode.

11
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5.3.3 Dequeue

Definition dequeue : val :=

A: Queue,
let tmp := ! (!Queue) .First in
if (tmp = !(!Queue) .Last) then
inj; ()
else

match (!tmp) with
inj; () => assert False
| inj, ts_tid v next =>
(! Queue) .Help « inj, (Fst ts_tid v next) ;;
(!'Queue) .First < !(Snd ts_tid v next) ;;
if (inj,tmp = ! (!Queue) . Announce) then
let FLL := ! (!Queue) .Freelater in
(' Queue) . FreeLater < tmp ;;
match !'FLL with
inj, () => Free FLL
| inj, FLL_v_next => Free FLL ;; Free (Snd FLL v_next)
end ;; inj, (Fst ts_tid v _next)
else
Free tmp ;;
Free (Snd ts_tid v next) ;;
inj, (Fst ts_tid v _next)
end.

5.3.4 readFront (Enqueuer)

Definition read front _enq : val :=

A: Queue,
let tmp := ! (!Queue) .First in
if (tmp = ! (! Queue).Last) then
inj, ()
else

((!'Queue) . Announce) < inj, tmp ;;
if (tmp # (! (!Queue) .First)) then
1 (! Queue) . Help
else
match (!tmp) with
inj; () => assert False
| inj, retVal => inj, (Fst retVal)
end.

5.3.5 readFront (Dequeuer)

Definition read front deq : val :=

A: Queue,
let tmp := ! (!Queue) .First in
if (tmp = !(!Queue) .Last) then
inj; ()
else

match (!tmp) with

inj; () => assert False

| inj, retVal => inj, (Fst retVal)
end.

6 Sequential Specifications & Proofs

In this section, we first analyse the algorithm in a setting without concurrency, where the enqueuer and
dequeuer interact with the queue sequentially. This simplified setting allows us to focus on the data
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structures, variables and types used in the algorithm, and how we represent these in the logic. This
includes examining how the shared variables and the linked list representing the queue are modified by
each operation. Since we work in a setting without concurrency, the specification predicate isQueueSeq
does not need to be persistent (duplicable): it is owned — and updated — exclusively by one thread at a
time and is passed between the two threads in program-order.

6.1 Sequential Specification

T isQueueSeq : Val — list(N x N x Val) — (Val — iProp) — iProp,
V®. {True} init() {v. isQueueSeq(v, nil, ®)}
A
Vq, ®, xs,ts, tid, w.
{isQueueSeq(q, s, P) * ®(w)} enqueue(q,ts,tid,w) {v.Tv = ()7 * isQueueSeq(q, xs+[(ts, tid, w)])}

A
Vq, D, xs.
{isQueueSeq(q, zs, P)}
dequeue(q)
; (Tzs =nil? * Tv =inj; ()7 * isQueueSeq(q, nil, D)) Vv
(Fts, tid, w,xs’. Txs = (ts,tid,w) :: x'7 * Tv = injy (s, tid, w)7 * ®(w) * isQueueSeq(q, x5, ))
A
Vq, ®, xs.
{isQueueSeq(q, s, ®)}
readFront(q)
; isQueueSeq(q, zs, P) *
© (Tzs=niln x o =inj; 07V (3ts, tid, w,xs". Txs = (ts,tid, w) :: x8' * Tv = injy (ts, tid, w)7)) [~

The predicate isQueueSeq is not duplicable, and it is thus required in the precondition of each operation and
re-established in the postconditions. The predicate isQueueSeq mentions both the linked list representing
the queue its associated mathematical list of queue elements. This means we can capture exactly how
each operation changes the contents of the queue; for example, after an enqueue operation, the enqueued
value is appended to the list, and after the dequeue operation on a non-empty queue, the first element of
the list is removed and returned.

Furthermore, the specification guarantees that all queue elements satisfy a predicate ® chosen by the
client. The enqueuer must prove ®(w) for any value w that it wants to enqueue, and correspondingly, the
dequeuer is guaranteed ®(w) for any dequeued value w.

The specification of readFront is the same for both the enqueuer and dequeuer variants. Its postcondition
is similar to the postcondition of dequeue apart from two differences: The list of queue elements is
unchanged after reading, and we do not get ®(w) for the read value w. This is because ®(w) is not
necessarily duplicable.

6.2 isQueueSeq Predicate

isQueueSeq(v, zs, P) £ 3Q, First, Last, FreeLater, Announce, Help, lrirst, {Last, CFL EZ, fuﬂe,w v?FL.
Tv = #Q7 * Q — (First, Last, FreeLater, Announce, Help)
First — Crirst * isNodeList(lrirst, fLast, ¢8) * forAll(xzs, @) =
Last > Liast * Last — injp () *
FreeLater — (g * isOptPts((rL, vl ) *
isOptPt(Announce, £} ) * isOptVaI(HeIp,v?He|p).

The queue predicate takes as argument the mathematical list xs of queue elements, and the client-chosen
predicate @ that all queue elements must satisfy.

13
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The predicate existentially quantifies the shared queue variables First, Last, FreeLater, Announce, and
Help, together with the locations and values they point to: frirst, £Last, EFL,E,?\, and v;em.

We first define the predicate forAll(zs, ®), which states that all queue values satisfy the predicate ®:
forAll(zs, ®) = rzs = nil" v 3ts, tid, w,zs’. Txs = (ts,tid,w) :: 25" * ®(w) * forAll(zs’, @).

Next, we define the recursive predicate isNodeList(¢girst, £Last, ), which relates the linked list representation
of the queue to the mathematical list xs:
isNodeList(£First, LLast, T5) = ("xs =nil7 * TlEje = ZLast"')
V
(3ts, tid, w. Txs = (ts, tid, w) :: xs'7 *
Tnext, £. Lrist —> injy ((ts, tid, w), next) *
next — £ x isNodeList(£, £ ast, 1:5'))

In the case where the list of queue elements is empty, First and Last point to the same location (¢girst = £ ast)-
Otherwise, frjst points to a pair of the head of the list and location pointing to the next node,
Ceist > injy ((ts,tid, w),next). The next location points to location ¢ which recursively satisfies the

isNodeList predicate for the same last location (€| ,s) and the tail of the list. This extra layer of indirection
— the intermediate location, next, — follows our HeapLang representation of the queue (fig. 5.2).

Finally, we define predicates for optional locations and values. These connect the option types used in
the specification to the HeapLang constructions inj; () and injy (v):
isOptPts(frL, vE) = (TvfL = None™ * fr — injy () V
(Hts,tid,w, next, {. "vl, = Some(ts, tid, w,next, )7 x

CpL > injy ((ts, tid, w), next) * next — £).

isOptPt(Announce, /3) £ (rﬂz\ = None™ * Announce — inj; ()) V
(Elﬁ. rg; = Some(¢)7 * Announce — inj, (E))

isOptVal(Help, vfiep) = (T0fjep = None™ + Help — inj; () V
(Elts,tid, w. "v?He|p = Some(ts, tid, w)7 * Help — inj, (ts,tid,w)) .

Note that in isOptPts(¢, ’Ul?:l_) we include the intermediate points-to assertion next — ¢. This is necessary
for the proof of the dequeue operation, where the node stored in FreeLater may be freed.

6.3 Proofs of the Sequential Specification

In this section, we prove the specifications of the four queue operations in the sequential setting. The
purpose of this setting is first of all to prove partial correctness of the queue operations with respect to the
sequential specification. Second of all, in this setting without concurrency, we get a good understanding
of how the linked list representation of the queue and the shared variables are modified in each of the
four queue operations.

When we later prove the concurrent specifications (sections 7 and 8), we will not go through the proofs
with the same amount of details. Instead, we focus on the additional reasoning required for concurrency,
such as the ghost state and invariants that enable sharing and communication between the enqueuer and
the dequeuer.

6.3.1 Initialisation

We want to prove the following specification for initialising the queue:
V®, {True} init() {v. isQueueSeq(v, nil, ®)}

We go through the init program (5.3.1).
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We allocate two empty nodes lgirst — inj; () and £e +— inj; (), and then we allocate two pointers First
and Last to the first empty node ffist, First — frist and Last — s Consequently, frist = fLast- We
allocate a pointer FreelLater pointing to the other empty node /¢, FreelLater — (g .

We allocate the other shared variables, Announce and Help, as pointers to inj; (). This illustrates the fact
that these variables are initially None.

Finally, we allocate a tuple of all shared variables, which we consider to be the shared queue, Q. We
make this points-to assertion persistent, such that both the dequeuer and enqueuer agree on the shared
variables: @ — (First, Last, FreeLater, Announce, Help).

Since Lrist = fLast, we satisty isNodeList(givst, lLast, S), for s = nil. Furthermore, nil trivially satisfies
forAll(nil, ®).

With these points-to assertions and additional propositions, we can satisfy the isQueueSeq predicate with
v = @ and an empty list of queue elements.

6.3.2 Enqueue
Vq,P, xs,ts, tid, w.
{isQueueSeq(q, zs, ®) * ®(w)} enqueue(q,ts,tid, w) {v."v = ()7 * isQueueSeq(q, xs+|(ts, tid, w)]))}.

‘

We go through the enqueue program (5.3.2).

From the precondition, we have isQueueSeq(q, xs, ®) and @ (w).
First, we allocate the new last node, £pewtast — inj; (). Next, we allocate a reference to the location
LrewLast, Next — LnewlLast-

We own Last — £, from the isQueueSeq predicate for some location £ ,s;. Furthermore, we own the
points-to £s — inj; ().

We store the tuple ((ts,tid, w), next) in £ 55, such that we now own £ . — ((ts,tid, w), next). Finally,
we store fpewLast in Last, giving us the points-to Last — #jewLast-

We now have to show that the isQueueSeq is satisfied with an updated list of elements, i.e.
isQueueSeq(q, zs+[(ts, tid, w)]), @).

The existentially quantified variables in isQueueSeq(q, xs, ®) remain unchanged, except |5, which we
now set to £pewLast-
We have to prove

isNodeList(Crirst, LnewLast, TSH[(ts, tid, w)])

given isNodeList({rirst, fLast, £8) and
forAll(xzs+[(ts, tid, w)], @)

given forAll(zs, ).
The former is provable by induction on the list s, and the latter follows from our assumption ®(w).

With this, we can satisfy the postcondition, isQueueSeq(q, xs+[(ts, tid, w)]), ).

6.3.3 Dequeue

Vg, @, xs. {isQueueSeq(q, zs, P)} dequeue(q)
{v. (Tzs =nil? * "o =inj; ()7 * isQueueSeq(q, nil, D))
Vo (Fts, tid, w.Tws = (ts, tid, w) = £’ * Tv = injy (ts, tid,w)7 x ®(w) * isQueueSeq(q, zs', P)) }
We go through the implementation of the dequeue operation (5.3.3).

We get the assumption isQueueSeq(q, xs, @) from the precondition. Among other things, we own the
points-to First — frst. From this, we load the current first location, fgjst.
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We own the points-to Last — /| 55, S0 we load the location pointing to the last element of the queue, £| 5,
and compare it to frjst.
If lrist = lLast, We conclude that the list of queue elements xs is empty from the assumptions:

isNodeList(¢girst, LLast, S) * LLast — injq ().

We return inj; () and use isQueueSeq(q, xs, ®) unchanged to satisfy the LHS of the disjunction in the
postcondition.

Otherwise, if lrist 7# lLast, we conclude from the assumption isNodeList(giyst, fLast, 8) that the list zs is
not empty, i.e. Its,tid, w,xs’. xs = (ts,tid, w) :: xs'.

By unfolding isNodeList(¢rirst, L ast, (S, tid, w) :: xs’), we get two points-to assertions,

Crivst > injg ((ts, tid, w), next) * next — Lnext,

for some locations next and £pex. Furthermore, we get isNodeList(€pext, £Last, £5)-
We load the pair ((ts, tid, w), next) stored in fg;s;, store the queue element value inj, (¢s, tid,w) in Help,
and then update the front element of the queue to be the next node by storing £,ex in First.

Next, we check whether the previous first element (¢g;s) has been announced by comparing inj, £gist to
the location stored in Announce, €?A:

If injy Crirst # £, then we simply free the points-tos lrirst — injy ((ts, tid, w), next) and next = fnexr. We
return the value (ts, tid, w).
To prove the postcondition, it suffices to show

®(w) * isQueueSeq(q, vs’, D).

We re-establish the queue predicate using et as the new first location.

We can prove isNodeList(next, £| a5, s) using isNodeList(£next, £Last; £8') and the points-to assertion next —
enext-

Finally, we split the predicate forAll(xzs, ®) into a predicate for the head and the tail, forAll((ts, tid, w), ®)
and forAll(zs’, @).

Finally, we set vadp to injy (ts, tid, w) and obtain the required postcondition.

Otherwise, if injy Crirst = E,?\, it is not safe to free the location ff;s. Instead, we read the current location
stored in FreelLater, ¢F, and store ff;s in FreelLater.

We own isOptPts(fe, vf, ). There are two cases:

Either ¢g +— inj; (), in which case we just free fg +— inj; ().

Otherwise, ¢gL — injy ((ts, tid, w), nextp) and nextg. — fpL. In this case, we free both points-tos.

After this, we satisfy the postcondition in a similar way as in the case where inj, friret # E,i. The only
difference is that the previous first node is now stored in FreeLater, so we set ¢g to be £t and v}, to be
Some(ts, tid, w, next, £next ).

6.3.4 readFront (Enqueuer)
Vg, @, xs. {isQueueSeq(q, zs, ®)} readFront(q) {v. isQueueSeq(q, zs, D)

(Tzs =nil" * T =inj; )7V (3ts, tid, w."as = (ts, tid, w) :: 25"7 * Tv = inj, (ts, tid, w)7)) }
We go through the implementation of the readFront operation for the enqueuer (5.3.4).
We get isQueueSeq(gq, zs, @) from the precondition. We read the location £ stored in First, and the
location /|, stored in Last.
If lrist = LLast, We can conclude that the list of queue elements zs is empty, and we return the value
inj; (), and we satisfy the postcondition by proving isQueueSeq(q, zs, ®) without any changes.
If lFirst # fLast, we can conclude that the list of queue elements xs is non-empty, i.e. Its, tid, w,zs’. xs =

(ts,tid, w) :: xs’. Furthermore, by unfolding isNodeList(¢girst, {Last, (ts, tid, w) :: xs'), we get a points-to
assertion, lgis — injs ((ts, tid, w), next) for some location next.
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We announce the location fgist by storing injs (¢rirst) in Announce. Then, we check whether the location
Lrirst that First points to has changed since the first time we loaded it. Since we are in a sequential
setting, we own the points-to assertion First — /. This means we are always in the case that the first
location remains unchanged, ¢gist = lrist. Therefore, we return the value Some(ts, tid, w), and we provide
isQueueSeq(q, zs, ) unchanged, except for the updated announced location, Some({gist).

6.3.5 readFront (Dequeuer)

The proof of readFront for the dequeuer is exactly the same as for the enqueuer in the sequential setting,
except we do not announce the location of the first node /f;;.
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7 Concurrent Specifications & Proofs (Without Freeing)

In this section, we present and prove a concurrent specification for the SESD queue algorithm. In this
setting, we consider two threads operating on the linked list representing the queue concurrently: an
enqueuer and a dequeuer.

We first study a simplified version of the algorithm in which the dequeuer does not perform memory
freeing in the dequeue operation. This simplification allows us to focus on the concurrent interactions
between the enqueuer and dequeuer. We will verify the full SESD algorithm including freeing in section 8.
The main focus of this section is the interactions between the two threads and defining a useful duplicable
queue predicate with an invariant.

We introduce four differences from the sequential version:

1. The isQueueConc predicate is persistent. This is necessary, because it must be shared between
the enqueuer and the dequeuer. We make it persistent by using an invariant containing half
points-tos of the shared variables, and we give the other half to either the dequeuer or the enqueuer,
depending on the variable. Additionally, we make the points-tos pointing to nodes in the linked list
representing the queue persistent. However, by making the points-tos persistent, we cannot free
them. We explain this in section 7.1.

2. The invariant takes into account the intermediate step in enqueue where the location £ .5 that
the global pointer Last points to, does not point to the empty dummy node, but instead to the
newly enqueued node. We handle this by introducing an auxiliary location, yummy, that always
points to the dummy node (the empty node at the end of the queue). We will go through this step
in section 7.4.

3. We use a notion of reachability and abstract reachability in the linked list representing the
queue, introduced in [VB21]| and used in [Ped24]|. Reachability between the nodes in the queue is
necessary in the dequeue operation, where we must ensure that the new first location satisfies the
isNodeList predicate for the tail of the list. In particular, we want to know that the first node of the
linked list reaches the last node. This is defined and explained in section 7.5.

4. We use the one-shot resource algebra to rule out an impossible case where the value stored in
the global variable Help is None in the readFrontEnq operation. The optional U?Help value stored in
Help is initially None, but as soon as the dequeuer has performed the dequeue operation from a
non-empty queue, the vaelp value remains Some. We will go through the proof of readFrontEnq in
section 7.6, focussing on reading the Help value.

In the following sections, we will explain these differences from the sequential version in more detail,
including motivating and explaining how they are used in the proofs of the specification of each operation.

We use coloured highlights to emphasise explanations of and changes in definitions.

% Yellow highlights are used to connect an explanation of a definition to its context, for example
when explaining individual parts of a big invariant.

% Blue highlights indicate additions or differences between similar definitions.

7.1 A persistent isQueueConc Predicate

The isQueueConc predicate must be persistent to share it between both the enqueuer and the dequeuer.
Therefore, we define the isQueueConc predicate using a persistent points-to pointing to the shared variables,
and an invariant for the non-persistent parts of the queue.

isQueueConc(v, G, ®) £ 3Q, First, Last, FreeLater, Announce, Help, ..
Tv = #Q7 * Q — (First, Last, FreeLater, Announce, Help)

L

\queuelnv(First7 Last, Announce, Help, G, @) \
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7.1.1 Queue Invariant

We define the invariant to give an overview, and we highlight the differences from the sequential queue
predicate (section 6.2).
First, we define the ghost names used in the invariant.

G £ ( “YFirsty YLast; YDummy (AbStI‘&Ct Reachability)
Vhelps Yinit )- (One-Shot RA for Help)

H ? ?
queuelnv(First, Last, Announce, Help, G, ®) £ Ilirst, LLast; T3, L7, Vfielps Ldummys Linit -

First —1/2 PEirst * Last 1/2 Ol ast *
isNodeList(CFirst, Ldummy, ) * forAll(zs, ®) *

Edummy '_>1/2 in.jl () * IaStDisj(ELastazdummy) &3
isOptPt(Announce, £} ) * isOptVaI(HeIp,v?He|p) *
absReach (’7Firsta YLast, YDummy gFirstz gLasm gdummy) *

helpvaloneShOt(’yhelpv’VinitagFirstveinit»'U|?-|e|p) .

We will go through the individual parts of the invariant in the following sections, justifying their necessity
for proving the specifications.

7.2 Distributing the Points-tos and Shared Variables

One of the main changes compared to the sequential queue predicate is that we now store points-tos
in the invariant. In the sequential setting, the points-tos for all global variables — First, Last, FreeLater,
Announce and Help — were passed between the enqueuer and dequeuer in a sequential manner. In this
concurrent version, where we have a single dequeuer and a single enqueuer, we will distribute (parts of)
the points-tos between the dequeuer, the enqueuer and the invariant.

First, we consider which points-tos the dequeuer and enqueuer read (R) and/or write (W) to during the
operations:

Variable | Dequeuer | Enqueuer
First R,W R

Last R R,W
Announce | R \W%

Help W R
FreeLater | R,W -

Table 1: Dequeuer and enqueuer interactions with shared variables.

We give half a points-to to a thread, say the dequeuer, if it writes to the location, and we keep the other
half in the invariant. This way, the dequeuer can combine its half with the half in the invariant when
storing into the location, and the enqueuer can read from location using the part of the points-to in the
invariant.

Since only the dequeuer writes and reads from Freelater, it gets the entire points-to.

Furthermore, we consider how the enqueuer and dequeuer interact with the locations pointed to by First,
Last and FreelLater —i.e. lFirst, {Last and £rp.

Variable ‘ Dequeuer ‘ Enqueuer

EFirst R -
ZLast R R,W
e R,W -

Table 2: Dequeuer and enqueuer interactions with other locations.
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The location £ is either a persistent points-to pointing to a non-empty node, or, if the queue is empty,
Crirst = lLast and £ +— inj; (). Since the enqueuer writes to £, wWe give i =12 inj; () to the
enqueuer.

Similarly, #g is either a persistent points-to pointing to a node in the linked list representing the queue,
or it points to a dummy node separate from the queue. Since only the dequeuer reads from and writes to
this location, we give £ — v, to the dequeuer.

To conclude, we distribute the shared variables between the three “parties” as follows:
* Dequeuer: First /5 CFirst * Freelater — (pL * isOptVaI(HeIp,UE'e,p) * isOptPts((FL,v;L).
* Enqueuer: Last + /9 fLast * isOptPt(Announce,éi) * Llast =12 injyp ().
* Invariant:

FiI’St ’_>1/2 EFirst * LaSt *_>1/2 gLast * gLast }_>1/2 injl ()

% isOptPt(Announce, £3) * isOptVaI(HeIp,vae,p).

7.2.1 Persistent isNodelList Predicate and Shared Variables

We use a persistent predicate for the linked list representing the queue. The new isNodeList predicate
arises from the previous isNodeList predicate (see section 6.2) by exchanging the normal points-tos for
persistent points-tos. Furthermore, in the invariant, we set the end of the list to be a dummy node £gummy,
which always points to the empty dummy node. A persistent isNodeList predicate allows the enqueuer
and dequeuer to keep a view of the queue simultaneously.

Intuitively, the linked list representing the queue is persistent in the sense that once a node is added, its
value and its place in the list (i.e. its next pointer) never change. The only exception is the dummy node,
lLast — inj; (), which cannot be persistent, since it is updated when the enqueuer enqueues a new value
into the queue.

However, it is not sound to free persistent points-to assertions. The intuition for why the algorithm is
still sound is that the points-tos are persistent only between the time when a value has been enqueued
into them, and until the value is dequeued. In this section, we do not yet reason about memory freeing.
We consider the full SESD algorithm including memory freeing in section 8.

We revisit isOptPts(¢kL, vf, ), isOptPt(Announce, £3) and isOptVal(Help, U?He|p) from isQueueSeq (see section
6.2).

The isOptPts predicate now uses a persistent points-to for the non-empty node case:

isOptPts((rL, vE ) £ (Tvf, = Nonel x le + inj; () V
(Elts,tid,w,next,é. ’_’U;L = Some(ts, tid, w, next, £)7
CrL g injy ((ts, tid, w), next) * next =g ().
Similarly, isOptPt(Announce, £3) and isOptVal(Help, v;dp) now use half points-tos instead of full points-tos.

This enables sharing the points-tos between the invariant and enqueuer and between the invariant and
dequeuer respectively.

7.2.2 Queue Invariant

In this section, we have accounted for the distribution of the points-tos, and the changes to the isNodeList,
isOptPts, isOptPt and isOptVal predicates. We highlight these in the invariant:
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. ? ?
queuelnv(First, Last, Announce, Help, G, ®) £ Ffriet, lLast, 25, L, Vhtelps Ldummys Linit -

First =1 /2 Crirst * Last =1/ lLast *
isNodeList(Crirst, Ldummy, ) * forAll(zs, @) *
Laummy 172 injy () * 1astDisj(LLast, Ldummy) *
isOptPt(Announce, £} ) * isOptVal(Help, v/y,,) *

absReach(G, Crirst, {Last, Ldummy) *
helpValOneShot(G, Crirst, Linit, U;e|p)~

7.3 Concurrent Specification

We distribute parts of the points-to assertions and ghost resources between the invariant, the enqueuer, and
the dequeuer. These resources are provided in the preconditions and re-established in the postconditions.
To do this, we define two auxiliary predicates, isEnqueuer and isDequeuer, that combine all the resources
that are given to each thread:

isEnqueuer(G, Last, Announce) £ 3¢ ., (4.
Last ’-)1/2 ELast *
isOptPt(Announce, /3 ) *

Llast =172 injy ()

isDequeuer(G, First, FreeLater, Help) £ 3/rirst, (L, vﬂdp,vgl_.
First —1 /2 lrirst *
FreeLater — fF *
isOptVaI(HeIp,v?He|p) *
isOptPts((r, vE ).

The postcondition of init is the predicate isQueueConc(v, G, ) together with the predicates for the
enqueuer and dequeuer. Initially, all existentially quantified option values are None.
We pass around the persistent points-to assertion

Q@ —o (First, Last, FreeLater, Announce, Help)

to ensure agreement on the shared queue variables.

The specifications for enqueue and dequeue are weak. For example, always returning None as the result
of dequeue and readFront would still satisfy the specification. Additionally, the specification does not
specify FIFO queue behaviour. In fact, the specifications given here matches the specification for the
concurrent bag in the Iris lecture notes ([BB23] Example 8.40, p. 74). We discuss how we could give
stronger specifications in future work (section 9).

However, the client-chosen predicate ¢ guarantees that any dequeued value was previously enqueued.
The readFront operations do not include ®, since ®(w) is not necessarily duplicable. One could instead
use a persistent predicate ¥ such that ®(w) - O ¥(w), which we also leave for future work.
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3 isQueueConc : Val — GhostNames — (Val — iProp) — iProp,
Y, G, ®. isQueueConc(v, G, ®) = OisQueueConc(v, G, D)

A
V®. {True}
init()

3G, Q, First, Last, FreeLater, Announce, Help.

Ty =Q7 x

Q@ —q (First, Last, FreeLater, Announce, Help) *

Y isQueueConc(v, G, ®) x

isEnqueuer(G, Last, Announce)

isDequeuer(G, First, FreeLater, Help)
A

Vts, tid, w, Q, G, @, First, Last, FreeLater, Announce, Help.
Q@ —q (First, Last, FreeLater, Announce, Help) =
isQueueConc(Q, G, D) *
isEnqueuer(G, Last, Announce)

D(w)
enqueue((ts, tid, w), Q)

=07 x*
{ v isEnqueuer(G, Last, Announce) }
A
VQ, G, ®, First, Last, FreeLater, Announce, Help.
Q@ —q (First, Last, FreeLater, Announce, Help) *
{lsQueueConc(Q G, D)
isDequeuer(G, First, FreeLater, Help)
dequeue(Q)

(v =inj; )7) V (3ts, tid, w. Tv = injy (ts, tid, w)7 * ®(w))
* isDequeuer(G, First, FreeLater, Help)

VQ G, O, First, Last, FreeLater, Announce, Help.
Q@ g (First, Last, FreeLater, Announce, Help) *
isQueueConc(Q, G, ®)
{lsEnqueuer(G Last, Announce)
readFrontEnqg(Q)

("o =inj; )7) V (3ts, tid, w. Tv = injy (ts, tid, w)7)
x isEnqueuer(G, Last, Announce)

VQ, G, ®, First, Last, FreeLater, Announce, Help.

Q@ — (First, Last, FreeLater, Announce, Help)

isQueueConc(Q, G, ®) *

isDequeuer(G, First, FreeLater, Help)

readFrontDeq(Q)

(Tv =inj; )7 VvV (Fts, tid, w. Tv = injy (ts, tid, w)7)
{ U isDequeuer(G, First, FreeLater, Help) }

7.4 The enqueue operation

In the enqueue operation, depicted below in figure 7, the global pointer Last does not always point to the
dummy node. In step 3 of the figure (or between lines 2-4 in the enqueue program, section 2.1.1), it points
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to the newly enqueued node. The invariant takes this intermediate step into account by introducing an
auxiliary location, {qummy, that always points to the queue’s dummy node.

enqueue(v) Last 1 Last
Q) ast / gLast Edummy
2 Last 3 Last

Last 24ummy Q1 ast gdummy

&S S

Figure 7: The enqueue operation. At each step, the current ¢qmmy location is coloured blue.

We conclude that there are two possible cases for £ ss;.
1. The usual state where £, points to the dummy node, i.e. €| a5 — injy ().

2. The intermediate step in the enqueue operation where | ;¢ points to the node containing the newly
enqueued value, i.e. £ a o (v, next) * next —= Lyummy * Laummy — inj; ().

The enqueuer should intuitively be able to know which case we are in, since only the enqueuer can switch
between the cases. The dequeuer cannot know which case we are in, so it should be able to dequeue and
read the front element regardless.

We encode the two cases as a disjunction.

IaStDisj(gLastagdummy) = TlLast = gdummyj \
(Ets,tid,w, next. lLast —>0 injy ((ts, tid, w), next) x next —g Edummy).
7.4.1 Enqueue

The enqueuer wants to enqueue a value v = (ts, tid, w) into the queue. We go through the program 5.3.2.

The enqueuer owns — among other things — the points-tos Last /5 flast and liase = inj; (), and the
isQueueConc(v, G, ®) predicate.

The enqueuer first allocates a new dummy node, Egummy — inj; (). Then, the enqueuer allocates a location,
next, pointing to the new dummy location and makes it persistent: next —g €5, .

Next, the enqueuer must store the the node with the new value inj, ((ts,tid, w), next) in £ . The
enqueuer owns half of the points-to, £ast 12 inj; (). To store a value in this location, we must get the
other half of the points-to assertion from the invariant. We open the invariant.

From the disjunction lastDisj(€|ast, {dummy) it the invariant, we have two cases:

1. We are in the LHS of the disjunction, 0| ast = £qummy . We combine the points-to £| st 172 inj; O
from the enqueuer and Lqummy ~1/2 inj; () from the invariant. This gives us the full points-to
for liast = lqummy. We store the new node injy ((ts,tid,w), next) in fl.¢ and make the points-
to persistent. We close the invariant: The dummy location is now Edummy, and we give half of
the the points-to Edummy 172 injy (). We close the /| ¢-disjunction in the RHS, since fLast —p

injo ((ts, tid, w), next) * next —g Ly, -
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2. We are in the RHS of the disjunction, so 3ts, tid, w, next. £, o injs (£, tid, w), next) * next —q
Lgummy- This is a contradiction, since the enqueuer already owns fLast 12 inj; (), and

llast =0 ((ts, tid, w), next) * £ 12 inj; () = False.
Finally, we want to store the new dummy location £}
combine the enqueuer’s half of the points-to Last + /5 £
obtain the full points-to Last — £ .
After storing, we split Last — é&ummy into half for the enqueuer and half for the invariant. We

close the invariant by letting the last location be Eéummy. We thus chose the LHS of the disjunc-

tion IastDisj(Efiummy7 éummy), where the last and the dummy locations are equal.

in Last. We open the invariant again, and we

dummy with the other half from the invariant to

We return the unit value, and use Last /5 E(’jummy and E(’jummy 12 inj; () to satisfy the postcondition.

7.5 Reachability and Abstract Reachability

This notion of reachability and abstract reachability was introduced in connection with verifying the
Michael Scott queue [MS96] in the paper [VB21]. The Michael Scott queue is modelled similarly to
this queue, i.e. as a linked list with a dummy node, and with pointers to the first and last elements of
the queue. However, in our version, Last points to an empty dummy node, while in the Michael-Scott
representation of the queue, it points to the last non-empty node.

Definition 7.1. (Reachability)
The reachability relation is defined as a least fixed point:

by~ by 2 Tl =L,V

Jts, tid, w, next, £o. £, —g injy ((ts, tid, w), next) % next g €y * £y ~> Uy,

This definition differs slightly from the original definition in [VB21] in that it is reflexive for any location,
even those pointing to an empty node (inj; ()).

Furthermore, we note that the reachability is a relation only between locations pointing to nodes, not includ-
ing the intermediate locations. For example, consider location ¢,, satisfying ¢, — inj, (v, next) * next —pg
{,, for some value v and locations next and ¢,. Here, ¢,, ~ {,, but it is not the case that ¢,, ~» next or
that next ~ £,.

Below, we state some properties of the reachability relation.

Lemma 7.2. (Properties of Reachability)

R R REACHTRANS REACHPERS
EACHREFL gn — Zo go — gm gn s em
by~ Uy _n
by~ U, Ol ~ £)
REACHNOCYCLES
Ly~ Ly by~ Ly Ly~ gdummy gdummy —1/2 injl ()

l‘gn — gm—l

The lemma REACHNOCYCLES states that if two locations reach each other and reach the dummy location,
then they must be the same location. In practice, this means that there are no cycles in the linked list.
The assumption that they reach the dummy node is essential since it ensures that the linked list has an
end-point.

Additionally, we define abstract reachability as in [VB21], using the resource algebra Auth(P(Loc)) with

disjoint union as the composition.

Definition 7.3. (Abstract Reachability and Tied-To)
First, we define abstract reachability, written ¢,, --+ ,,, for a location £, that can reach some ghost name
Ym. This proposition is persistent.
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The ghost name -, is tied to a physical location £,,, written ,, — £,,. This assertion is not persistent.
Y b 235, 1057 5 K Ay o L.
Les

The idea is that we can track reachability of locations, i.e. £, ~ £,,, using abstract reachability, and vice
versa. This is formalised in the following rules for abstract and physical reachability:

ABSREACHALLOC AsREACHCONCR CONCRREACHABS
’33 NNy BO BN én -=>Ym Ym Em Kn ~ Em Ym — gm
v v Ly ~> Ly * Y — b Bl == Ym * Ym — U
ABSREACHADVANCE
Ym — Km Em ~ éo

E’Ym — go * £o -2 ’ym

For example, ABSREACHCONCR and CONCRREACHARBS allow going from abstract to physical reachability
and vice versa. The rule ABSREACHADVANCE lets us “advance” the abstract reachability by updating the
physical location that the ghost name is tied to, if the new location is reachable from the previous one.

The main motivation for introducing abstract reachability is to track the global variables First, Last and
the location pointing to the dummy node, and their position in the queue.

The abstract reachability relation and tied-to predicate should capture the following properties of the
linked list representing the queue:

1. The dequeuer dequeues from the left of the queue. This means that the First pointer only moves to
the right, towards the last node. Any node that is or has been the first node always reaches any
current and future last node.

2. The enqueuer enqueues to the right, so the Last pointer also only moves to the right. Any node that
is or has been the last node reaches any current or future the dummy node — possibly by reflexivity.

3. The de facto last location in the linked list, called Zqummy, is the location that always points to the
dummy node.

We encode the above properties using by tying the ghost names, vrist and 7y ast to the locations pointed to
by the global variables First and Last respectively, and additionally tying the name ypymmy to the location

édummy-
We define the absReach predicate used in the invariant to be exactly these properties:

A
abSReaCh(GagFirsh gLastv£dummy> = YFirst ™ EFirst * gFirst —=?* VYlast

* YLast Olast * lLast ——* “YDummy

* YDummy gdummy~

By keeping this in the queue invariant, we maintain sufficient information about the shape of the queue
to update the First and Last pointers in the dequeue and enqueue operations.

We will go through the dequeue operation which necessitates the addition of abstract reachability in the
invariant. In the proof of the dequeue specification, when we move the First pointer from the first location
lEirst tO the next location, fhext, we prove that £, reaches the current last location, £ as;-

This seems intuitively correct and easy to prove. However, without abstract reachability and tied-to
assertions, we cannot prove it; then we could only make statements about the current first, last and
dummy locations. The abstract reachability and tied-to assertions allow us to keep the information that
e.g. any location that has ever been the last location can reach all future last and dummy locations.

7.5.1 Dequeue

We go through the implementation of the dequeue operation (5.3.3).
From the precondition, we get the assumption isQueueConc(q, G, ®) and the points-tos:

First 1,2 Crirst * Freelater — (pL * isOptVaI(HeIp,v,Y_,elp) % isOptPts(LrL, v )-
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The dequeuer owns (part of) the points-tos for First, FreeLater, Help and ¢g, so by agreement of points-tos,
we know that Crjst, OFL, U;dp and U;L remain unchanged by the enqueuer throughout the program.
Therefore, we do not need to take into account that they might change each time we open the invariant.
The other existentially quantified variables on the other hand, e.g. fLsst, 5 and fygummy, might be updated
by the enqueuer. Therefore, we write a superscript index on these variables for each new opening of the
invariant to indicate that they might be different, i.e. ZEast, Qasv Efast, ete.

We first load the current first location, £f;s;.

We want to read the location stored in Last, so we open the invariant and get Last /5 2, for some
location ZEast.

We keep (part of) the persistent proposition from absReach(G, Crirst, £, Egummy) for later use, namely
that the current last location reaches any current and future dummy and last location, and similarly for
the current first location:

O (ZEast -2 'YDummy) * O (EFirst -2 ’YLast)-

Secondly, we prove O (EEast ==+ YLast). This follows from lemma CONCRREACHABS using 7y st — €East
and REACHREFL.

Finally, we prove that O (¢riyst ~ £0,..) This follows immediately from the lemma ABSREACHCONCR,
using lrirst —=* Yast and Yiast — £p,, from absReach(G, Crirst, €0, Egummy).
We close the invariant unchanged.

0

Last- LThere are two cases:

We now compare this location £ to the location stored in Last, £
Either (gt = 0., which implies that the queue is empty. We return the unit value and give back the
points-tos from the precondition to satisfy the postcondition.

Otherwise, lgjst # €East. The next step is to load the value stored in £fis:.
Since the dequeuer does not own this points-to, we open the invariant. The current value of the queue

elements is the list zs', the current last location is £}, and the current dummy location is £}

dummy*
We want to prove that the queue xs! is non-empty. If s* = nil then by unfolding isNodeList(¢Fist, Eém:my, nil),
we get Lrist = Ljymmy- 10 particular, from the assumption (rist # ), we have €4, # . We want
to reach a contradiction by proving that €5, = -
First, we prove that Efast ~ K}iummy. We first conclude from absReach(G, gFifSt’giasﬂgéummy) that the
dummy ghost name is tied to Eéummy, YDummy — Zéummy. Secondly, we own O (€0, --* YDummy) from
earlier. By applying lemma ABSREACHCONCR with these two facts, we conclude exactly ¢ ~ Eéummy.

0

Secondly, we prove that Eéummy o Ut

This follows immediately from the earlier fact that s ~~ EEast
and the assumed equality lrist = Eéummy.

Finally, we know E(ljummy ~ f}iummy by REACHREFL, and K(ljummy 12 inj; () from the invariant.

By combining these four facts, we can apply lemma REACHNOCYCLES, which gives us the contradiction

1 — y0
gdummy - gLast'

We conclude that list of queue elements is non-empty. Therefore, we know xs! = (ts, tid, w) :: xs%m-l for
some ts, tid, w and xs}, ;.

Furthermore, by unfolding isNodeList(¢F;st, ééummy, (ts,tid,w) = ws},;;), we get two persistent a points-to
assertions, lrist —>0 injy ((ts, tid, w), next) x next > fpext for some locations next and £pex;.

We load the value inj, ((ts, tid, w), next) and close the invariant unchanged.

Next, we want to store the value inj, (¢s,tid, w) in Help. We already own half of the points-to, Help 5
v?Help, so we open the invariant to get the other half. We store the value inj, (¢s, tid, w) in Help and close

the invariant with the updated v,':e'p?
Now, we want to move the first pointer to the next node, i.e. store fpe in First.

21t is in fact more involved to maintain the invariant around the help value, which we will explain in the following section
7.6. It is not our focus in this walk-through of the proof.
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We open the invariant to get the other half of the points-to First —; /2 Lrirst- The current queue elements
are xs%, and the current last and dummy locations are ¢, and Zﬁummy.

We store £y in First, which gives us First — /2 lhext for the dequeuer and the other half for the invariant.

We now have to make sure that the new first location, £ne, satisfies the properties described in the
invariant:

First, we prove fnext ~—* YLast USINg Yrirst — Crirst from absReach(G, Crirst, (ot O3 ). By CONCRREACH-
ABs, it suffices to prove that lnex ~~ €2, ..

To prove this, we first prove that KEast ~ Kfast. We apply lemma ABSREACHCONCR with O (EEast -= Yiast)
from earlier and with 7,5t — Efast from absReach(G, gFifSt?gEasU Kgummy).

We use the persistent points-tos gyt —o injy ((ts,tid, w), next) * next —g fhext, the reachability of

Crist ~ 00, and €0 ~ (2. and the inequality lrisy # €0, t0 prove lnext ~ €2,

ummy

NEXTREACHESNEWLAST
- . 0 0 2 0
Lrirst =0 injg ((ts, tid, w), next) next o Lnext Lrirst ~ Clagt ot ~ Uast Lrirst 7 O] ast

2
Enext ~ KLast

The proof of lemma NEXTREACHESNEWLAST follows from unfolding the reachability relations £giyst ~ €0

o 5 Last
and gLast e éLast'

Second, we update Yrirst — Lrirst from absReach(G, eFirSt’EEasﬁg?jummy) t0 YFirst ™ fnext- By lemma AB-

SREACHADVANCE and using st — LFirst, it suffices to prove that £gjs ~ fnext This immediate, since
Crist Teaches Lo in one step: Ceist g injy ((Es, tid, w), next) * next —g Lnext.

Third, we prove that s = (ts, tid, w) :: xs?,,, for some zs?,,,, and isNodeList(Enext,Eﬁummy,xsfml), using
the following lemma:

ISNODELISTNEXT
isNodeList(ﬁFirst,Kﬁummy,x32) Lrirst —0 Injs ((ts, tid, w), next) next o Lnext Eﬁummy 12 injg ()

2 . o2 - - 2 2
38540, T8 = (L8, tid, w) w83, * isNodeList(Cnext, Lgummys TStail)

We already own the propositions isNodeList(£rirst, (3 mmy: ©5°) and €3, +>1/2 inj; () from the invariant,
and we know Cgst > injy ((Es, tid, w), next) x next g fpext from earlier. We apply lemma 1SNODELIST-
NEXT.

Thirdly, we split the predicate forAll(zs?, ®) into a predicate for the head and the tail, ®(w) and
forAll(zs2,,;, ®).

Finally, we can close the invariant by letting the new first location be to fhe: and the list of queue
elements be :csfa“.

We only sketch the rest of the proof, as nothing interesting happens, since we do not free any nodes
anything in this setting:

We open the invariant and read the announced location, £7A3. We close the invariant unchanged.

We compare 5,7\3 to injy (Crirst)-

Either, E,?f’ = injy frirst- This means that the location lris is not necessarily safe to free. In the real
algorithm, we would have to free the location stored in Freelater.

Instead, we simply store {gst in FreeLater and return the value of the previous first node inj, (¢s, tid, w).
Since we own ®(w) and the dequeuer’s parts of the points-tos, we can satisfy the postcondition.

Otherwise, 63\3 # injy Urirst- This means Cr is safe to free. We skip freeing frirst in this setting, and we
return inj, (ts, tid, w) and satisfy the postcondition as described above.

7.5.2 enqueue

In the proof of enqueue, we must maintain the tied-to assertions when we update (1) the dummy location
and (2) the last location.
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U
dummy

absReach(G, €2 <, CLast, {Last)

1. In the intermediate step, where £ replaces £| o5t as the dummy location, we know

for some E(F)irst from the invariant. We update ypummy ™ fLast tO YDummy — Egummy * 0O( gummy -3
YDummy) Using lemma ABSREACHADVANCE. It suffices to prove that £, ~= Eéummy, which is

immediate, since
llast = injy ((ts, tid, w), next) * next =g Ly,mmy-

This gives us absReach(G, €2, CLasts Cyymmy)-

dummy

2. Similarly, when we update Last to point to the new dummy location Eéummy instead of £| ,st, we know
absReach(G, £f o, LLast, Cgummy)

for some £}, from the invariant. We update Viast = lLast 10 Yiast — Eéummy * D(féummy -= Yiast)
using lemma ABSREACHADVANCE. Again, it suffices to prove £ ;¢ ~ Zéummy, which is immediate.
Lastly, we need to prove that the new last location, £ reaches (abstractly) the current dummy

dummy?
location, which is g::lummy itself. This follows from CONCRREACHABS and REACHREFL.
1 / /
We conclude absReach(G, Cris Caummy+ Ldummy)-

7.6 One-shot RA for v,?_lelp

In the readFront operation for the enqueuer, readFrontEng, the enqueuer reads the value stored in Help,
v,ﬂelp, if the location pointed to by First changes during the readFrontEng operation. This is described in
detail in the walk-through of the readFrontEnq program (section 2.1.3).

The value vaelp is an option, but vzie“) can never be None if the First pointer has changed. To see why
this is the case, we must consider the dequeue operation (section 2.1.2): The dequeuer dequeues the
front node pointed to by £t by moving the First pointer to the location pointing to the next node, £,ext-
However, before storing £ne in First, the dequeuer stores the value of the element in the front node in
Help. Therefore, to change location stored in First, the dequeuer must necessarily have stored a value in
Help.

To capture this as an invariant of the queue, we realise that v,:elp = None if and only if /g points to
the initial dummy node from the initialisation of the queue (see fig. 6). We use the agreement resource

algebra (defined in [JK.J " 18] §4.3) over locations, Ag(Loc), to remember the initial dummy location #;p.

The agreement RA Ag(Loc) satisfies the following rules:

AGREEAGREE N AGREEPERS
r 2 o0 1 Yinit ===/ Yinit T T Yinit
AGSEEAEQ% oy 2g(4)] ag(t).! 2g(4)
o | ﬁf
Yinit» LigiiiJ = g"l ‘:‘Laigi(igi)]‘y'mt

Additionally, we use the one-shot RA (defined in [JKJ 18] §3.1), OneShot(()) to track the transition of
v?Help from None to Some(v).

PENDINGALLOC PENDINGUPDSHOT PENDINGSHOTFALSE SHOTPERS
= Ty, pending(rnay) o EUhe) pending(thep)  shot(heip) _shot(theln)
help> help E>shot(Vhelp) False 0 shot(Yhelp)

We keep the following resources in the invariant:

TN Yinit ..
he'PV3|On65h0t(fFirst,finit,Uﬂdpﬁinitﬁhem) 2 1ag(linie) | * Linit ~ Lrinst * he'PD'SJ(fFirst,finit,vadp,’Yhe|p)~

(=N LLLL YA il

We keep the initial dummy location f,;; and the fact that it always reaches the current first element of
the queue (since the First pointer moves from left to right in the linked list). Additionally, we have two
cases for the help value, vadp:

helpDisj (CFirst, Linit: Vel Thelp) = (Pending(Yhelp) * "0, = Nome™ s Tlpirge = linit 1) V

(shot(help) * Tts, tid, w. '—U?He|p = Some(ts, tid, w)7).
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Either, the front node of the queue is still the initial dummy node ("¢t = finit 7). In this case, we are
still in the pending case, as the help value is None.

Otherwise, the help value has been updated to a value from the queue, and the dequeuer has performed
the update from pending(Yhelp) t0 shot(Vhelp) (PENDINGUPDSHOT).

We will see how to use and maintain this in the invariant in the two affected operations:

7.6.1 readFrontEnq

We go through the readFrontEnq program (section 5.3.4).
We get isQueueConc(q, G, ®) as well as Last 1 /5 £Last * Announce /5 Z; * LLast =12 injp () from the
precondition.

0

Pt fOr some

We want to read the location stored in First, so we open the invariant and get First /5 £
location 2, . We now compare this location £Z, . to the location stored in Last, | as.

First
There are two cases.

In the first case, E,O:irst = flast- This implies that the queue is empty. We close the invariant unchanged,
and return the unit value. We give back Last 1 /3 fast * Announce — /o Z; * LLast 12 1)y () to satisfy
the postcondition.

In the other case, K%rst # llast, and we can conclude that the list of queue elements xsY

is non-
empty: If xs® = nil then by unfolding isNodeList(¢g; ., Ldummy, nil), we get ¢& . = laymmy- Now, by
the lastDisj(£Last, ldummy), We have two cases. If we are in the LHS, then fi . = faymmy. This is a
contradiction, since lyymmy = Z%rst # llast- If we are in the RHS, then dts,tid, w,next. f. —g
injy ((ts,tid, w), next) * next +>g flgummy- This is a contradiction, since the enqueuer already owns
llast =12 injy (), and Liase =g (s, tid, w), next) * Liast 12 injy () = False.
Therefore, we know xs® = (ts, tid, w) :: ms(t)ail for some ts,tid, w and zs’. Furthermore, by unfolding
isNodeList(£R; ;s Lasts (ts, tid, w) = zs? ), we get a points-to assertion, (X, —q injy ((ts, tid, w), next) for
some location next.

We keep (part of) the persistent proposition from helpValOneShot(¢2 ., linit, vmlp, “Vinit; Yhelp) for later use,
namely:

0 ((38Eme) ™ % (Hy = bV shot(onay)))
We keep the ghost resource @;{@L;,;f 7" 6 remember the value of Linit- Additionally, we keep the disjunc-
tion stating that either Egirst is the initial dummy, or we are in the shot(yhelp) case, meaning that the help

value cannot be None. We close the invariant unchanged.

We open the invariant and store inj, (E%rst) in Announce. We close the invariant again with the updated
announced location.

We open the invariant again and load the (possibly changed) location ¢}, ., stored in First. We have two
cases:

In the first case, £}, = (%, This means that the first node has not been dequeued since we loaded
0% .. We close the invariant unchanged.

Since £}, = (2 .., we have to load the value stored in the node that (2 . points to.

We own the persistent points-to £2, . > inj, ((¢s, tid, w), next), so we load and return the value (s, tid, w).
We give back the points-tos Last /5 £Last * Announce 1 /o injy Crirst * fLast =172 injy () in the precondi-

tion.

In the other case, (., # (R,- This means that the first node has been or is in the process of being
dequeued since we loaded ¢¥, . Therefore, and £2, . might not be safe to read.

Before we close the invariant, we need two persistent facts:

First, keep the persistent reachability proposition from helpValOneShot(¢§, ., Cinit, Uz;e|p, Vinit; Yhelp) for later
use: O(finit ~ K}irst). Note that fin; has not changed from the last opening of the invariant because of

AGREEAGREE.
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Secondly, we prove the persistent proposition O (¢f;s, —=* Yrirst), using absReach(G, £F; o, {Lasts Ldummy) and
lemma CONCRREACHABS and REACHREFL. This means that location £} ., can reach any future first
location.

We close the invariant unchanged.

Next, we must read the value stored in Help. We open the invariant and we get isOptVal(Help, v,%p) for
some option value vZfelp. Additionally, we get the helpDisj(¢Z .., linit, v,ﬁlp, Yhelp) and Lipie ~~ £2, . for the
current first location ¢2, ..

. ?
We now have two cases, depending on the value of sze|p:

In the first case, v,?elp = Some(ts, tid, w). In this case, we load (ts, tid, w), close the invariant unchanged,
and return the value inj, (s, tid,w). We give back the points-tos Last ++1/5 fLast * Announce /o
injo €2 . ot ++1/2 inj; () in the precondition.

2 . .
In the other case, fu,‘_,ilp = None, we want to reach a contradiction, since — as argued — the help value can

never be None if the first location has changed. We consider the two cases of helpDisj (@irst, Linit, vﬂilw Vhelp)

from the invariant, and aim to reach a contradiction in both cases.

: 72 _ 2 )
% pending(Yhelp) * ", = None™ x “leist = Linit

We consider the two cases of O (régirst = linis TV shot('yhe|p)) from earlier.

If we are in the RHS, then we reach a contradiction by lemma PENDINGSHOTFALSE, since we own
both shot(vhep) and pending(help)-

Therefore, we must be in the case that (g, = (% = lnt. We note that we have assumed
Egirst # é%irst. In particular, £y # E}irst.

We want to reach a contradiction by showing that £f, . has to be equal to the initial dummy location

linit, since we have assumed that both the earlier first location Egirst and the current first location
(3. ., are equal to /i, Intuitively, is not possible for the first location to point to the initial dummy
node after it has moved to point to the next node.

1

First ~ ¢

First, we prove that £ init-
We first conclude from absReach(G, €2 ., {Last; Ldummy) that the first ghost name is tied to ¢2, ., = linit,
i.e. YFist — E,%irst, . Secondly, we own O({init ~~ {f;;) from earlier. By applying lemma ABSREACH-

CONCR with these two facts, we conclude exactly (ko ~ (3, 1. (f

First? First ™~ ¢

init-

Secondly, we prove that finit ~ Ldummy- This follows from absReach(G, (2, ., CLast; Ldummy) and apply-
ing lemma ABSREACHCONCR twice to first conclude f;;; = é,%irst ~> LLast and then fas ~> Laummy-
We conclude by REACHTRANS.

Finally, we know O(linit ~ {f;,s) from earlier.

These three facts, (f ~ Llinit, linit ~> Ldummy and G ~> O, together with the points-to

Laummy F>1/2 injg (), give us the contradiction lig;y = K,l:irst. This follows immediately from REACH-
NoCYCLES.

% Shot(Vhelp) * Elts,tid,w."v,?elp = Some(ts, tid, w)™": This is a contradiction, since viijp = None #
Some(ts, tid, w).

7.6.2 dequeue

We focus on the interaction with the v,?_ie|p in the proof of the specification for dequeue:

In the dequeue program (section 5.3.4), the dequeuer stores the value of the first node that is currently
being dequeued, lgst —0 injy ((ts, tid, w), next), in Help.
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The dequeuer opens the invariant and combines its own part of the points-to Help 1 /o v7He|p with the
other half in the invariant.

The dequeuer stores the value inj, (ts, tid, w) in Help, and ensures that the one-shot resource has been
updated to O shot(Vhelp)-

We consider the two cases of the helpDisj. Either, the help value was already Some(v) and pending(help)
has already been update to shot(yhelp), in which case we do nothing.

Otherwise, v,?wp = None and we own pending(7help), in which case we update pending(help) to shot(help)
using PENDINGUPDSHOT.

We close the invariant by satisfying the RHS of the helpDisj with the new help value inj, (ts, tid, w) and
with shot(Vhelp)-

In the next step of the program, we store pext in First (where gt —0 injs ((ts, tid, w), next) * next —g
lhext), and we close the invariant with £y as the new first location.

Among other things, we have to prove the helpDisj for ey, i.e. helpDisj(£next, finit, vzﬂe,p,%elp), for some
v?HleIp' We own shot(yhelp) from earlier, and since the dequeuer owns half of the points-to for Help, we
know that v,?ﬁa'p = Some(ts, tid, w). With this, we satisfy the RHS of the disjunction:

shot(Yhelp) * 3ts, tid, w. "U?Hle|p = Some(ts, tid, w)7.
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8 Concurrent Specifications & Proofs (With Freeing)

In this section, we prove a concurrent specification for the full SESD queue algorithm, in which the
dequeuer frees memory during the dequeue operation. This mainly affects the dequeue operation, in
which the dequeuer frees memory, and the readFrontEng operation, in which the enqueuer announces the
location it wants to read, so that the dequeuer does not free it.

Freeing locations adds a lot more complexity to the concurrent reasoning about the queue in terms of
communcation between the enqueuer and dequeuer, compared to the concurrent setting without freeing
(section 7).

The specification that we prove in this setting is exactly the same as in the previous setting (section 7.3).
The only difference is that the isEnqueuer and isDequeuer predicates are changed because of the additions
to the queue predicate, isQueueConcFreeing.

In the previous section, we built the linked list that represents the queue using persistent points-to
assertions. This allowed both the enqueuer and dequeuer to read the queue elements concurrently, but
it also meant that nodes could never be freed. In this setting, we have to come up with a different
representation of the linked list that does not use persistent points-tos.

Therefore, we introduce logical points-tos: A logical points-to represents a node in the queue, and it can
be exchanged for a normal points-to, as long as the points-to has not been freed. Therefore, the main
challenge is to capture exactly when a points-to has or has not been freed.

The dequeuer’s task is mainly to ensure that it only frees a points-to when it is safe to do so, i.e. when
the enqueuer will not try to read it. The enqueuer should, however, always be able to conclude that the
location it wants to read in the readFrontEnq program has not been freed by the dequeuer. Otherwise, the
program is not safe. Consequently, the main challenge in this setting is to characterise which locations in
the linked list are safe to read and which are safe to free. The communication between the enqueuer and
dequeuer happens via an updated queue invariant that includes additional ghost resources.

We introduce the following differences compared to the concurrent setting without freeing (section 7):

1. We store the logical points-tos in a points-to map, M, in section 8.2 and define the set of locations
in the queue which have not yet been freed. The map M contains all the points-tos that make
up the linked list representing the queue, including the freed ones. To make the set of not-freed
locations precise, we introduce a location to-be-freed, tbf, that is used by the dequeuer to track
which location is a candidate to be freed or is currently in the process of being freed. The map of
points-tos is our replacement of the persistent points-tos we used earlier.

2. In section 8.2.1, we update the reachability relation from section 7.5 to only include locations in the
queue, i.e. the locations with points-tos in M. Furthermoer, we define a pure reachability relation
for locations in the map M, including the intermediate locations stored in the nodes.

The motivation for adding these new reachability relations is to define the set of not-freed locations.
In particular, any location that the current first node can reach has not been freed.

3. We include extra ghost resources to the invariant for communication about the announced location
between the enqueuer and the dequeuer (section 8.4). The purpose of the announcement is to
guarantee that the dequeuer never frees a node that the enqueuer might read.

In the following sections, we explain these new concepts detail and show how they are used to ensure
safety of the algorithm.

8.1 Invariant

The new queue invariant is an extension of the queue invariant described in section 7.1.1 for the version
of the algorithm that did not include freeing memory.

We first define the ghost names used in the invariant:
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G = (Firsts Vast YDummy» (Abstract Reachability)
Yhelp Vinit (One-Shot RA for Help)
Ydom> Vpts Vibf (Points-To Map)
YFstAtAnno» "YpastAnnosa YX s Vnot-fstAtAnno ) (/—\n nounce)

queuelnv(First, Last, FreeLater , Announce, Help, G, ®) £
EIEFirst; gLasta €7Av gFL ) vl—ilelp’ edummya ginit; zs, tbf, gt?stAtAnno? K;I(_Aa e;)(-fstAtAnnm gnot-fstAtAnnoa SpastAnnos .
First =12 lrirst * Last =1 /0 lLast *
isNodeList(CFirst, Ldummy, 5, Ypt ) * forAll(zs, ®) =

. [ 1%Ydom ..
édummy —1/2 1Nj)q () * [O{Kdummxkj e IaStDlsj(ZLastafdummy; Vpt ) *

Announce — /o £7A * Help 1 /2 vﬁ,e,p * Freelater /5 (L *

abSReaCh(7Firsta YLast; ’7Dummy7 gFirsty gLasta Edummy) *

heIpVaIOneShOt(’Yhe|p, Yinit EFirst, ginita /Ul—i|e|p7 “Ydom >, Vpt ) *
logicalPts(7Ypt, Ydoms £FL, LFirst, tbf) *

ptNoneOrPtPersReach (ki , Lrirst, Ydoms Vpt) *

| reed
‘L %(tbf) | & tbeISJ(tbf, EFirst; EFL, “Ydom 'th) *

o ==—s=======5 1YX By N | YFstAtAnno

| 7 Vnot-fstAtAnno
l 2(£not-fstAtAnno)J g5 I—‘€First 7é enot-l"stAtAnno—I &3

s 0?7 ? 7 ?
fStAtAnnODISJ (Ef"stAtAnno7 £A7 gﬁ(—A’ E).(—fstAtAnno’ gFirSt’ £n°t-f5tAtAﬂn0) &

fstAtAnnoANNolMpl(¢f s annos Las CFirsts tOF, CFL, Ydom, Ypt) *

r 7 YpastAnnos o o 2
l .SpastAnnos | E paStAnnOSDlsJ(SpastAnnos, £A7 eFirst; “YpastAnnos; Ydom ’th) .

8.2 A Map of Logical Points-tos

We introduce a map of logical points-to assertions. The idea is to mimic the points-tos we used in
the non-freeing version, i.e. persistent poinsts-tos for non-empty nodes and intermediate locations,
and half of a points-to for the location pointing to the dummy node. Unlike the normal persistent
points-tos, we want to be able to free these logical points-tos. To achieve this, we introduce a points-to
map M, mapping locations to either inj; () (not persistent) or to a value (persistent); in practice, the
value is either a pair inj, (v, £) or just a location inj, £). These are the three types of points-tos that
make up the linked list representing the queue (see fig. 5.2). We define the map using the resource al-
gebra Auth(gmap(Loc, Ag(Val) +, Ex())), and we keep the authoritative part of it, ‘rLgM:;%t, in the invariant.

These logical points-tos can be exchanged for real points-tos by providing proof that the location has not
been freed. That is, we store the real points-tos of the logical points in M in the invariant, and we define
a set SpotFreed that captures exactly the set of locations in the domain of M whose real points-tos have
not (yet) been freed.

We define the two different logical points-to predicates, called ptNone and ptPers:

0% o injy () 2 Tofl e inr(ex() 1™, (ptNone)
05 injy (v) 2 (o0 inl(ag(v)}1 ™. (ptPers)

These points-to behave similarly to normal points-tos (Lemma 3.1):
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Lemma 8.1. (Properties of logical points-to assertions)

PTPERSPERS PTPERSAGREE PTNONEEXCL
14 ’%D injy (v) 14 'ﬂ)D injg (v) 1 ’%D injg (”/) 14 'ﬂh/z inj; () 14 &1/2 inj; ()
O 255 injy (v)) Tv =11 False
PTPERSPTNONEEXCL
Ypt - Ypt -
14 '—p>D injy (v) 14 ;h/z inj; ()
False

The ptPers is persistent (PTPERSPERS), and ptNone is exclusive (PTNONEEXCL), even though it repre-
sents one half of a normal points-to. The reason is that we will split a normal points-to £ — inj; () into

€12 injy () % £+—=1/5 inj; () and give one half to the logicalPts in exchange for ¢ »&1/2 inj; (). Therefore,
there can only exists one ptNone per location.

The map of points-tos M is a map from locations to option values, gmap(Loc, option(Val)). We represent
ptNone, £ =2 inj, (v), as [¢ — Some(inj, (v))], and we represent ptPers, ¢ 'ﬂh/z inj; (), as [¢ — None] in
the map.?

We either store a full points-to (ptPers) or half of a points-to (ptNone) in the map, unless the location has
been freed, in which case we store freed(¢):

Definition 8.2. (ptMapPts)

4

ptMapPts(SnotFreed; £ U?)
(Hv, oy’ = Some(v)7 * ((rf € SnotFreed | * £+ V) V (T & SnotFreed | * freed(f))))
V
("v? = None™ * ((T€ € Snotrreed ™ * £ 3172 N1 ()) V (7€ & SnotFreed T * freed(é))))

For example, by owning e.g. ¢ »ﬂm inj, (v) we can access the real points-to £ — inj, (v), if we can prove
that £ € SnotFreed-

In the next sections (8.2.1 and 8.2.2) we will define the set Syotfreed Such that it includes exactly the
locations in the linked list representing the queue that have not been freed.

8.2.1 (Logical) M-Reachability

One of the ways to ensure that a location ¢ has not yet been freed is if the current first location fgjs¢ can
reach it.

The reason is the following: in dequeue, the dequeuer first updates the first location from frjst t0 £next,
and afterwards frees either /f;; or the location /F_ stored in FreelLater. Neither of these locations — £F.st
and /g — are reachable from the updated first location £,ey. Intuitively, all locations reachable from the
current first location are still part of the queue, and therefore cannot yet have be freed.

Since we are interested in reachability between nodes in the queue, we keep track of the locations whose
logical points-tos are in the points-to map M by storing the domain of M in the invariant. For this, we
use the RA Auth(gset(Loc)), and we keep the authoritative and fragmental views of the domain in the

Using this RA, we can prove that a location £ is in the map M by owning o{¢} ™"

{6} -l € dom(M)7.

77777

12 »ﬂn /2 inj; () without an update modality. This will be important in the proofs, although we will not go

3In practice, we use a function to transform this map into the RA map, mapping Some(v) to inl(ag(v)) and None to

inr(ex()).
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into detail in this report.

We first update the old definition of reachability (definition 7.1 in section 7.5). We replace the normal
persistent points-tos with the new logical points-tos, and we additionally ensure that all locations are in
dom(M). We call this updated reachability relation logical M-reachability:

Definition 8.3. (Logical M-Reachability)

r————=—n

“Ydom s Vpt A
En e Km = (rgn :em1 *

<3ts,tid, w, next, ly. £, —25 Some((ts, tid, w), next) * next —2spy £y * L, e Zm) .

This definition satisfies properties similar to the reachability relation from the non-freeing version, except
for the highlighted changes:

Lemma 8.4. (Properties of Logical M-Reachability)

LocMREACHREFL LocMREACHTRANS LocMREACHPERS
Ydom 7Y Ydom 7Y “Ydom Y
¢, € dom(M)7 O, T,y A, T 0,
“Ydom ; Vpt “YdomVpt “Ydom ; Vpt
0, = 0, 0, g, Ot 2" £,,)
LocMREACHNOCYCLES
“Ydom , Vpt “Ydom , Vpt “Ydom > Vpt - =7 T T Ty 1Ydom

gn ~ ‘em gn ~> gm gn ~ gdummy gdummy ’_>1/2 njp () ‘L?i{@juinlrgyi}il

l‘én — Em‘l

LocMREACHNOCYCLESPTNONE

“Ydom > Ypt “Ydom s Ypt “Ydom s Ypt Ypt -
by T Uy, by T Uy, by T~ edummy gdummy 71/2 1Ny ()

rgn = gm‘l

The two logical-M-versions of the old lemma REACHNOCYCLES, LOGMREACHNOCYCLES and LoGM-

REACHNOCYCLESPTNONE, both additionally requireyproof that the dummy location is in the logical
777777777 17Ydom

! or by providing the logical points-to, ptNone,

instead of the normal points-to.

We define one last reachability relation, called M-reachability. Unlike logical reachability, this relation is
pure, i.e. defined in the meta-logic, not as an Iris proposition. The motivation for defining M-reachability
is that we use it to characterise not-freed locations: all locations, including intermediate locations, that
are reachable from /g are not freed. Importantly, this relation should satisfy the following properties:

1. M-reachability is pure, i.e. it is defined in the meta-logic, not as an Iris proposition.
2. It defines reachability between all locations in M including intermediate locations. For example,
LEirst > injy (v, next) x next — Lext E it M next oMl
That is, the intermediate location next can both reach an be reached by the other locations.

3. Logical reachability should imply pure M-reachability:

“Ydom s Vpt
by " oy =Tl M0

We define M-reachability inductively in Rocq using the following constructors:

Definition 8.5. (M-Reachability)

MREACHREFL MREACHSTEP
¢, € dom(M) M(4,,) = Some(inj, (s, tid, v), next)) next ~M ¢,
b, ~M 1, 0, Mo,

MREACHINTERMEDIATE
M(neXt) - Some(gnext) Lrext M b

next ~M" ¢,
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We can derive the following properties:

Lemma 8.6. (Properties of M-Reachability)

MREACHTRANS MREACHNOCYCLES
Kn WM go eo WM Em gn “""M gm Em “’"’M gn en WM gdummy M(Edummy) = None
L, ~Me,, by =l

Importantly, we can prove the desired implication by additionally owning the full view of the points-to
map and its domain:

Lemma 8.7. (Reachability implies M-Reachability)

REACHIMPLMREA(}E 7777777777
b S (oM™ [ e(dom(M)) ™"

To conclude; a location £ is not freed if it satisfies fgirse ~>M 2.

8.2.2 FreelLater & To-Be-Freed

We give more ways for a location £ to be in the not-freed set.

In the dequeue program, we always free a location (unless the queue is empty). More precisely, we free
either the first location £f;.st, or the location ¢f_ stored in FreelLater.
Additionally, in our HeapLang implementation, we also free the intermediate location, if it exists. That
is, if

LEist > injy (v, next) x next — Cnext
for some value v and locations next and lpext, then we free the points-tos lgist — injy (v, next) and
next — fnext-
Similarly for /g ; either it points to a dummy node, in which case there is no intermediate location to
free, or we additionally free the location it points to.

We want to keep track of the locations that are going to be freed as precisely as possible. In particular, it
is too strict to say that a location is not freed if and only if it is reachable from the current first location
or stored in FreelLater. During dequeue, there are intermediate steps where locations are neither reachable
from lfjst nor stored in FreelLater, but still have not yet been freed.

To capture this, we introduce a ghost resource containing a location tbf (to-be-freed). The type of tbf is
inductively defined as:
tbfNone | tbfCandidate(¢) | tbfFreeing(¢).

The default state is tbfNone. The state tbfCandidate(¢) means that ¢ is a candidate to be freed, but has
not yet been freed. The state tbfFreeing(¢) means that ¢ is currently being freed. We only use this state
when we want to free both the location ¢ and the intermediate location it points to. If tbf is in the
state tbfFreeing(¢), then we guarantee that the intermediate location pointed to by £ has not yet been freed.

To motivate how tbf is used, we consider the dequeue program more carefully:

Assume the the current first location is fgist, and that Cgse = injy (v, next) x next = hey for some value
v and locations next and f,e. Furthermore, assume Freelater — ¢F for some location /g .

When we store fpe in First, the old first location, ffjst, becomes a candidate to be freed. At this point,
we update tbf from tbfNone to tbfCandidate({girst).

If lgist is not the announced location, we update tbfCandidate(¢is) to tbfFreeing(¢rist) and free Cist.
Finally, we free the intermediate location next and update tbfFreeing(¢girst) to tbfNone.

If lFist is the announced location, we cannot safely free it yet. Instead, we store ;s in FreelLater, and
update tbfCandidate(¢girt) to tbfCandidate(¢g, ). Intuitively, we can think of this as swapping the locations
in tbf and FreelLater. Note that at the time of freeing ¢f , the current value stored in Freelater is fg.t,
not EFL-
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When we later free /f, there are again two cases. If ff_ points to an intermediate location, we update
tbfCandidate(¢r) to tbfFreeing(fr), free £r, then free the intermediate location it points to, and finally
update tbf to tbfNone.

If ¢¢ instead points to a dummy node, we update tbfCandidate(¢g ) to tbfNone directly when freeing ¢ .

From these observations, we have five new properties that imply that a location has not been freed:
1. The current location stored in Freelater, /|, is not freed, and
2. any intermediate location ¢ points to is not freed.

The candidate to be freed, tbfCandidate(¢yyf) is not freed, and

- W

the intermediate location fips points to is not freed.

5. The location being freed, tbfFreeing(4py), s freed, but the intermediate location that fy,¢ points to
is not freed.

That is, a location ¢ has not been freed if it satisfies:

£ =VgL V (Eh), M(ZFL) = Some(inj2 (U,f)))
Vv tbf = thfCandidate(¢) V (Jv, ls. thf = tbfCandidate({ns) A M(£ins) = Some(inj, (v,4)))
V' (Jv, libr. thf = tbfFreeing(£inf) A M(Lps) = Some(injy (v,))).

8.2.3 Defining the Not-Freed Set

Finally, we can define the set of locations that are not freed. Either, the location is M-reachable from the
current first location (section 8.2.1), or it satisfies one of the properties described in section 8.2.2.

Definition 8.8. (Not-Freed Set)

notFreedSetDef(S,otFreed; £FL, LFirst; M, thf) =
Ve, L € SnotFreed <
£ =LpL V (3u, M(¢pL) = Some(inj, (v,£)))
V tbf = tbfCandidate(¢) V (Jv, lips. thf = tbfCandidate(fibe) A M(Liwe) = Some(injy (v, £)))
V' (Jv, lips. tbf = tbfFreeing(fins) A M(£ins) = Some(injy (v, £)))

V Lleivst ~M 2.

8.2.4 Defining logicalPts
We define the logicalPts predicate that we store in the invariant as follows:

Definition 8.9. (Logical Points-Tos)

lOgicaIPtS('th, Ydom EFLa gFirsta tbf) £ HM, SnotFreed~

"SnotFreed dom(M)—l * I—nOtFreedSetDef(SnotFreedaEFLygFirstv M7tbf)7 *

>l< ptMapPts(M, SpotFreed, £, v7).
L—vTeEM

The logical points-tos that have not been freed depend on the current state of the queue; the current
first location fFi.st, the current location stored in FreelLater, /r, and the current to-be-freed location tbf.
These are exactly the values used to define the set of not-freed locations SotFreed-

We existentially quantify both the logical points-to map M and the set of not-freed locations SotFreed-
The set SpotFreed 1S defined by the predicate

nOtFreedSetDef(SnotFreed s OrL, Lrirst, M, tbf) )
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which captures exactly the locations that have not yet been freed based on the observations from sections
8.2.1 and 8.2.2.

We keep the authoritative view of the points-to map M, together with the authoritative and fragmental
views of its domain. We additionally maintain the invariant Spotereed € dom(M), which ensures that all
locations we have assessed to not have been freed are in fact in the logical points-to map.

Finally, for every logical points-to stored in M, we keep either the corresponding real points-to or proof
that the location has been freed, using ptMapPts (definition 8.2). Whether a real points-to is available
depends on whether the location is in the set Spotfreed: if £ € SnotFreed, We keep the real points-to for ¢;
otherwise, we keep freed(¢). Consequently, the set Spotrreed determines exactly which real points-tos are
available in the invariant.

8.2.5 Changes to the Invariant

The main difference in this setting is the addition of the logical points-to map, logicalPts. Since we
actually free locations, we can no longer use persistent points-tos to represent the linked list of the queue.
Instead, the invariant stores logical points-tos, which can later be exchanged for real points-tos if we can
prove that the location has not been freed. As a result, the invariant now additionally keeps track of which
locations have and have not been freed. This leads to a few changes compared to the setting without freeing.

First, we replace the persistent points-tos that represent the queue by logical points-tos. More specifically,
the points-tos that make up the linked list are replaced by either a ptPers or a ptNone predicate. For
example, we redefine isNodeList(£First, {dummy, £S5, Ypt) as follows:

iSNOdQI—iSt(EFirstaedummya-1757 Vpt ) £ ('_-735 =il * Tl = Edummy—l)
V
(3ts, tid, w. Tas = (ts, tid, w) :: xs"7 *
Tnext, £. lrivst —3 injy ((ts, tid, w), next)

next —2% 1 £ x isNodeList (£next; Ldummy, 25", Ypt ))-

Similarly, in the disjunction describing the last location, lastDisj, we use ptPers instead of persistent
points-tos. For the points-to Lgummy 1,2 inj; (), we do not replace it with £gummy lﬂn/g inj; (). Instead,

we keep the half points-to in the invariant and give £qummy 'ﬂn /2 inj; () to the enqueuer. We additionally
777777777 1Ydom

|
,,,,,,, 1

as proof that the other half of the points-to is stored in the logical points-to map.

Another change is the addition of FreelLater to the invariant. As argued earlier, only the dequeuer reads
from and writes to FreeLater. However, the invariant must also know its current value, since ¢g is used
in the definition of the not-freed set Spotfreed- We therefore include half of the points-to

FreelLater 12 2=

in the invariant, together with the following predicate describing the location /g stored in Freelater:

ptNoneOrPtPersReach (¢, Lrirst, Ydom, Vpt) =
Ypt ..
LrL '—P>1/2 inj; () v
((Elts,tz'ahw, next, next. LFL »ﬁm injy ((ts, tid, w), next) * next »ﬂm Lrext)

“Ydom > Ypt
# lpL " Lrinse % TlRL # CRirst ).

This predicate intuitively captures the two cases of the location fr stored in FreelLater: either it points
to a dummy node, or it points to a non-empty node and reaches the first location ff; in at least one

step (CrL # lFirst)-
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Additionally, we give the following supplementary information about /g to the dequeuer:

isOptPts((rL, vf) £ (Tvf = None™ * lr >y 9 injy () V
(Elts,tid,w, next. ’_U|'7:|_ = Some(ts, tid, w, next)7 *

CrL 5 iy ((ts, tid, w), next)).

The definitions of isOptPt(Announce, /3) and isOptVal(Help, v?He|p) remain unchanged from the previous
version (section 7.2.1).

Finally, we include the location to-be-freed tbf in the invariant. It captures the locations that are
candidates to be freed or currently being freed. The invariant guarantees that tbf is either in the default
state tbfNone, or that the location that is a candidate to be freed or currently being freed satisfies the
predicate ptNoneOrPtPersReach. Additionally, we ensure that the location in tbf is never the same as the
location stored in Freelater.

tbfDisj(tbf, £rirst, £FL, Ydom: Ypt) £ rtbf = tbfNone1 Vv

(s, (Ttbf = tbfCandidate(fyyf) 7V Ttbf = thfFreeing(fibf)7) *
ptNoneOrPtPersReach (Cup, Lrirst; Ydom: Vpt) * ~lenf 7# CrLT).

8.3 logicalPts Lemmas

Instead of going through the proofs of the specifications of the individual operations, we focus on the
lemmas for updating the logical points-to map logicalPts. These lemmas capture the necessary reasoning
about freeing and accessing points-tos in the algorithm that we must do in the proofs.

The main challenge is to maintain the set of not-freed locations Syotrreed according to its definition (section
8.2.3): Every time we add a logical points-to to the points-to map M, we have to show that the added
location satisfies at least one of the conditions for being in Spotfreed. Similarly, whenever we free a points-to,
we have to prove that the location no longer satisfies any of these conditions. This requires reasoning
about e.g. how the M-reachability changes when M is modified, as well as reasoning about the current
values of tbf, /. and (i, and how they relate to each other.

These small details complicate the proofs of the lemmas. For example, we need many assumptions in
each lemma to rule out impossible cases; the shape of ¢f, that the points-to of the dummy node Zqummy
is in fact in the points-to map, that the tbf satisfies certain properties, and so on. Since all proofs are
mechanised in Rocq, we will spare the reader some of the details.

We show the lemmas here, since the points-to map and the logical points-tos play a significant role in
the proofs of the specifications in this setting where we explicitly free memory. The main point is that
we have to know exactly when a points-to in the queue has or has not yet been freed. That is why we
are so specific about how (g, lrist and tbf relate to each other; their relationships define exactly which
locations are and are not safe to free.

Initialisation

AvvocLocicatPrs
00" le(dom (@)™t injy ()

= (IogicalPts(vph7dom,f|:|_,€|:irst,tbeone) * LpL /2 injy () * CrL &1/2 injy ())

ADDFIRSTNONETOM
logicalPts(Ypt; Ydoms £FL; CFirst, tbfNone) Lrirst — inj; ()

B (|0giC3|Pt5(th7Wdom,fFLJFirst,tbeOﬂe) % Lrivse =172 Injy () * Lrirst —231 2 Ny ())

These two initialisation lemmas of logicalPts are used in the queue intitialisation to allocate the points-to
map and add the two first points-tos; £g. — inj; () and gt — injy ().
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The lemma ALLOCLOGICALPTS allows us to initialise the collection of logical points-tos logicalPts. First,
we allocate the empty points-to map M and the empty domain. Initially, we add half of the FreeLater
points-to, £g. — inj; () to the points-to map. We get half of it back, and a ptNone for the half that we
put in the map.

The next lemma, ADDFIRSTNONETOM, allows us to add frirst +>1/2 inj; () to the points-to map, and
similarly, we get the other half /gt 12 inj; () and a ptNone.

Reading ¢ % v (readFront & dequeue)

READPTPERS
logicalPts(Ypt, Ydom, £FL, Lrirst, thf) 14 rﬂm v (Lrirst Ten g rtbf = tbfCandidate(¢)™ vV ™lg = £7)

L— v (£ — v —* logicalPts(pt, Ydom, £FL, LFirst, tbf))

This lemma is used when either the dequeuer or enqueuer wants to read the value of a ptPers, ¢ »ﬂm V.
In particular, the enqueuer applies this lemma in readFrontEng to read points-to of the announced first
location ffy.

As mentioned earlier, exchanging a logical points-to for a real points-to requires proving that the loca-
tion has not been freed. By the definition of the set Syotrreed (section 8.2.3), it suffices to prove that
the location is reachable from the current first location, is the candidate to be freed, or is stored in FreeLater.

Lemma for enqueue

In the enqueue operation, we only update the logicalPts once; namely when we update the dummy node ¢
to store the enqueued value and the pointer to the new dummy node £gummy, i-e. store inj, ((ts, tid, w), next)
in £, where next — fgymmy. Before this step, the enqueuer has allocated a new dummy node £gymmy — inj; ()
and a pointer to it, next — Lqummy-

The invariant owns half of the normal points-to for the dummy node, £ /5 inj; (), and the enqueuer

always owns £ 2%, /2 injy (). This indicates that the other half of the real points-to is stored in the
points-to map.

ENQUEUEADDPTS

logicalPts(voe, Yaom: LrL, Cirst, tB) L%y pinjy () Limvppiniy () leese ST TR # 00
(Ttbf = tbfNone ™V (e, (Ttbf = tbfCandidate(fus) V Tthf = thfFreeing(fupf) ) * ~lyps # £7))

£ inj; () = (E > injy ((ts, tid, w), next) * next = Lyummy * Ldummy — inj; () = =

|Ogica|Pts(7pt7’Ydom7€FL7EFirsta tbf) * L '%E\ inj2 ((tsv tid7 w)v neXt) *

Ypt Ypt - -
next dnl gdummy * fdummy 7172 NJy () * gdummy 172 INjq ()

We first exchange /¢ 'ﬁ)l/z inj; () for the real points-to £ /5 inj; (). This allows us to combine the two
halves of the points-to, £ — inj; (), such that we can store the updated node value inj, ((¢s, tid, w), next)

in £. To do this, it must exchange ¢ »ﬁn/g inj; () for £ 15 inj; () by proving that £ is in the set of

not-freed locations. This is easy, since the first location always reaches the last location: st Tenet g,

After performing the store, we own the points-to £ — inj, ((ts, tid, w), next). Since the points-to map
should always store all points-tos that make up the linked list representing the queue, the next step is to
add this points-to to the points-to map, as well as the points-tos next — Lqummy and Lgummy — inj; ().
We exchange ¢ — injy ((ts, tid, w), next) and next — Lqummy for their corresponding ptPers logical points-
tos, and we exchange Lqummy + inj; () for Laummy 12 inj; () and its corresponding ptNone.

We need the rest of the assumptions, e.g. "lg. # £7 and the disjunction about all the possibilities for tbf,
to help us maintain the not-freed set for the newly added points-tos in the points-to map.

Lemmas for dequeue
In the dequeue operation, we make several updates to the points-to map.
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First, the dequeuer moves the First pointer from /s to point to the next location £pex::

DEQUEUEMOVEFIRST

logicalPts(Ypt; Ydoms £FL; LFirst, tbfNone) LFirst »ﬂm inj, ((ts, tid, w), next) next — fnext [97{[19(‘5}7}
B logicalPts(vpt, Ydom £FL s £next, tbfCandidate(Crirst))

This is relatively simple; we just need to know that the current first location fr;s actually points to the
next location pex:.

Note that we update tbf from tbfNone to tbfCandidate(¢fist), since £rist now becomes a candidate to be
freed (see section 8.2.2). This ensures that fp is still in the not-freed set, even though it is no longer
reachable from the first location as before.

If the dequeued location g is the announced location, we swap the location in tbf, tbfCandidate(¢fist),
and the location stored in Freelater, ff:

DEQUEUESWAPFREELATERANDTBF
logicalPts(Ypt; Ydoms £FL; £next, tbfCandidate(¢irst))

E> logicalPts(Ypt, Ydoms LFirsts Lnext, tbfCandidate (¢ ))

It is a simple lemma with a straightforward proof, since we just swap the roles of /gyt and fgL; this
preserves the not-freed set SpotFreed and the points-to map M.

We have five lemmas concerning freeing locations. In section 8.2.2, we have explained the different cases,
depending on whether we free fg_ or lgjs, and whether /g points to a dummy node.

These lemmas are complicated because we have to make sure that the freed location is no longer in the
not-freed set, such that no thread can ever try to load a freed location. We need many assumptions to
rule out edge cases. We will sketch the most important takeaways from selected lemmas.

We show the two lemmas for freeing the previous first location ¢ and its intermediate location next.
At this point in the dequeue program, the current first location is £pext, and the location in Freelater is
le. Furthermore, we have already updated tbf to tbfCandidate(¢gist).

DEQUEUEFREEFIRST
logicalPts(Ypt, Ydoms £FL, {next, tbfCandidate({rirst))
Y . . 7
gFirst ’_pt>|j InJg ((tsa tZda U)), next) next '—Pt>[] ‘gnext reFirst 7& £FL—I I_EFirst # gnext—I
- [ 1%Ydom “Ydom , Vpt
‘gdummy ’_>1/2 njy () ‘L?,{@iuﬁl"ly,},} gnext ~ gdummy

ptNoneOrPtPersReach ¢k, Lhext, Ydom Vpt)

(H’U, LEirst — ’U) * (freed(EFirst) —* E
IogicaIPts(vpt, “Ydom EFL, Enexta tbﬂ:reeing(éFirSt)) * édummy '_>1/2 injl () * ptNoneOrPtPersReach (EFL’ énexu "dom; ’th))

In DEQUEUEFREEFIRST, we exchange the persistent logical points-to assertion ff;s »ﬁ)D injs ((ts, tid, w), next)
for a real points-to £g;st — v. We do not care that the values match, since we are just going to free it. After
freeing, we have to give back freed(¢gist) to the points-to map. We update tbf from tbfCandidate(lgist)

to tbfFreeing(¢ist), indicating that we have freed fgst and will free the intermediate location next it
points to (see section 8.2.2). In the proof of this lemma, we have to prove that g does not satisfy the
properties for not being freed (definition 8.8).

DEQUEUEFREEFIRSTNEXT
logicalPts(Ypt, Ydoms £FL, fnext, tbfFreeing(Crirst )
LEirst »ﬂm injy ((ts, tid, w), next) next nﬁ)D Lrext
Caummy =172 1001 O [o{laummy} 7 e T Caummy
isOptPts(¢rL, Vi, Ypt) (rv;L = None V (£ 53" fpipey * "isSome(vEQ"‘))

r‘eFirst 7& KFL—I '_EFirst # gnext—I ptNoneorPtPerSReaCh(gFLa ‘enexta “Ydom ’th)

(v, next — v) x* (freed(next) — B logicalPts(Vpt, Ydom, £FL; fnext, tbfNone)  Lyymmy 1,2 inj; () *

ptNoneOrPtPersReach(¢ri, next, Ydom, Vpt) * isOptPts(¢r, U?Fu Wpt))
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We free next using lemma DEQUEUEFREEFIRSTNEXT; here, we similarly exchange a persistent logical
points-to for a real points-to. For this, we prove that next € Spotrreed Since tbf = tbfFreeing({rist) A
M(Lgirst) = Some(inj, (v, next)) (see section 8.2.3). After freeing next, we put freed(next) back into the
points-to map. To ensure that next is not in the not-freed set, we update tbfFreeing(¢girst) to tbfNone.

We also have the lemmas for freeing /F , the value stored in FreelLater, and possibly the intermediate
location it points to, if it exists. These lemmas are very similar to freeing fris¢ and next. They are
available in appendix A.1 (and of course in the Rocq mechanisation).

8.4 Announce

The most complicated aspect of the concurrent proof is arguably the communication between the enqueuer
and the dequeuer about the announced location.* The purpose of the announcement is to guarantee that
the dequeuer never frees a node that the enqueuer will read.

Recall the readFrontEnq program: the enqueuer first reads the current first location ;s stored in First,
stores this location in Announce, and then checks whether the first location has changed. If the first
location is unchanged, the enqueuer reads the value directly from ¢g;s;. Otherwise, it reads the value
stored in Help. Between all of these steps, the dequeuer may have modified the queue.

The goal is to capture why it is safe for the enqueuer to read from /. if the first pointer did not change.
Intuitively, if the enqueuer announces a location /s and the dequeuer — who is concurrently dequeueing
lrirst — Observes the announcement, then the dequeuer will not free ¢gjs;. This is part of the checks in the
dequeue program.

?
fstAtAnno

the time of announcement. This allows us to distinguish between two situations:

To reason about this behaviour, we introduce a ghost variable /¢ that stores the value of First at

1. The announced location (g was still the first location at the time of announcement (i.e. when the
enqueuer performs Announce < lirst), in which case £g;sx may still be safe to read.

2. The first location was changed before the enqueuer’s announcement of fgis:. In this case, £js might
not be safe to read. In the readFrontEnq program, it means that the enqueuer reads the value stored
in Help instead of #F.st.

The invariant therefore contains an implication that captures this. We define:

fstAtAnnoANnolmpl(€f acannes s CFirsts tbf, CEL, Ydom, Ypr) =

Vi, (rfi = Some(la)7 * rﬁ}’stAtAnno = Some(ﬁA)j)

— (Lrirs 2™ 0a v Ttbf = thfCandidate(£a) 7V TlrL = £A7).

If the announced location ¢a coincides with the first location at the time of announcement, gEstAtAnno’ then

the announced location must either still be reachable from the current first location (i.e. £t Yoot L),

be the current candidate to-be-freed (tbf = tbfCandidate(¢a)), or be is stored in FreelLater (¢ = lf).
These properties correspond precisely to cases in which the location /4 is known not to have been freed
(see section 8.2.3). Hence, the enqueuer can use this implication to safely read from the logical persistent
points-to of the announced location using lemma READPTPERS.

To reason more precisely about the announced location, we add a ghost state that remembers all announced
locations, SpastAnnos - We store the authoritative part of the set of all past (and current) announced

. ' ~YpastAnnos . . . .
locations, |8SpastAnnos |, in the invariant. The RA used for the set of past announcements is

4The interested reader is referred to the proof of the specification for readFrontEnq in Rocq.
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We define the disjunction for the two cases of SpastAnnos as follows:

.. ? A
paStAnnOSD|SJ(SpastAnnosa €A7 LFirst, “YpastAnnoss Ydom 'th) =

(rspastAnnos =07 % FEZ‘ = Nonej) V

where

A “Ydom »Vpt
paStAnnOSReaCh(EAz SpastAnn087 7d0ma’7pt> = Vﬂ, NAS S;DastAn’rws—l — 0 ! ZA-

The purpose of this set is similar to the abstract reachability; we want to keep the information that all
past announced location can reach the current announced locations. This reachability argument allows us
to rule out some impossible cases in the proof.

With these additions to the invariant, the enqueuer can use the invariant to safely read the announced
location in the readFrontEnq program. The dequeuer, on the other hand, has to maintain the invariant at
every step of the dequeue program, including moving the first pointer, swapping the locations in FreelLater
and tbf, and freeing locations. All of these changes and updates have to maintain the guarantee that the
currently announced location has not been freed.

Therefore, the invariant stores additional auxiliary ghost state. In particular, we introduce a location
Lot-fstAtAnno , which allows the dequeuer to record a location that is known not to be the first location

at the time of announcement. Similarly, we introduce an exception-pair (E; A,E;_fstAt Anno) Which the

dequeuer can use to satisfy the invariant when it does not need to make guarantees about the currently
announced location and the current first-location-at-the-time-of-announcement.

The purpose of these auxiliary variables is to allow the dequeuer to preserve enough information about
earlier announcements, First and FreelLater locations, to rule out impossible cases when closing the
invariant. We give the precise definitions for these in appendix A.2.

The main point is that the dequeuer must always be able to prove that the location it frees cannot
coincide with the currently announced location. The multiple proofs of this fact in all different cases rely
on the reachability relation between the involved locations in the queue (e.g. REACHNOCYCLES), as well
as the auxiliary ghost state introduced above.

Overall, the announced location and the communication around it via the invariant plays a significant
part in the proofs of the specification in the concurrent setting with freeing. Consequently, we need
additional ghost resources to keep track of the different possible states of the queue with respect to the
the announced location.

8.5 Specification

The specification in the concurrent setting with freeing is almost identical to the specification we gave in
the concurrent setting without freeing (section 7.3). We give the same guarantees for the dequeued values,
i.e. that they satisfy ®(w), and require that the enqueuer can provide ®(w) for all enqueued values.

The only differences are the use of the isQueueConcFreeing predicate instead of isQueueConc, and that
we extend isEnqueuer and isDequeuer to include the additional ghost resources needed to reason about
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freeing and announcements.

. ?
isEnqueuer(G, Last, Announce) £ 30| ., £4, KzstAtAnno .

Last /2 Ol ast *

isOptPt(Announce, £3) *

v .
Olast —41 2 injy () *

17,7 1 7YFstAtAnno
| ,i(,EfSEAtAB nq),l

isDequeuer(G, First, FreeLater, Help) = EleirstaeFLyUI?—lelwvl?:L? g)?(-A7z;)(—fstAtAnnwén"t'fStAtA"no :
First =1 /2 LFirst *
FreeLater 1 /5 (F *
isOptVaI(HeIp,v?He|p) *
isOptPts((e, vfy ) *

\71777_;7777? 777777777 1YX
'3 (Cx A+ Ex sstatanno) ) g
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9 Conclusion and Future Work

In this report, we have verified the SESD wait-free queue algorithm [JP05] in Iris. We first proved
a sequential specification of the queue. We then considered a simplified version of the SESD queue
algorithm without explicit freeing of memory in a concurrent setting. The main challenge in this set-
ting was to define a persistent queue predicate with an appropriate invariant to allow the enqueuer
and dequeuer to work on the queue concurrently. The concurrent specification ensures that every de-
queued value w satisfies a predicate @, and the enqueuer must prove that each enqueued value satisfies
®(w). However, the specification gives no guarantees about the FIFO queue behaviour. Finally, we
proved the concurrent queue specification for the full SESD algorithm including freeing. This required
a more advanced invariant; we included the logicalPts predicate for a map of logical points tos which
tracks exactly which locations have been freed. Furthermore, we added additional ghost states regarding
the announced location, to ensure that the dequeuer never frees a location that the enqueuer may still read.

There are several possibilities for future work.

x Higher-order concurrent abstract predicates (HOCAP) specification
The concurrent specification presented in this project is relatively weak in the sense that an
implementation that always returns None for both dequeue and readFront would still satisfy the
specification. Furthermore, the specification does not guarantee that the data structure behaves as
a FIFO queue, as opposed to e.g. a stack or a concurrent bag.

A stronger specification for the SESD queue is a higher-order concurrent abstract predicates (HOCAP)
specification [SBP13]. HOCAP specifications provide a more abstract and modular interface to
concurrent data structures, where clients interact with an abstract predicate describing the logical
behaviour of the data structure.

The main idea would be to introduce additional ghost state representing the abstract contents of
the queue, for example as a mathematical list of queue elements. The queue operations would then
update this ghost state according to the intended FIFO behaviour of the queue. This would make
it possible to prove stronger guarantees, such as that the dequeued values correspond to previously
enqueued values and are returned in FIFO order.

A HOCAP-style specification for the Michael-Scott queue was given in [Ped24]. The SESD queue
and the Michael-Scott queue are structurally similar, and since we already use related techniques
such as reachability arguments in our verification of the concurrent specification, which suggests
that we might be able to prove a HOCAP specification for the SESD queue in a similar way to the
Michael-Scott queue.

* Verification of the full MESD algorithm
A natural next step is to verify the full multiple enqueuer, single dequeuer (MESD) queue algorithm
[JP05]. The MESD algorithm builds on the SESD queues by assigning one local SESD queue to
each enqueuer. The local queues are leafs in a shared binary tree, where all threads propagate
the minimum timestamp of the front elements towards the root, such that the dequeuer can easily
identify the front element in the shared queue element.

Since the MESD algorithm uses the SESD queue as a building block, we can use the specifications
that we have proved in this report in the verification of the MESD algorithm.

However, we will need additional complicated reasoning about the MESD algorithm; for example
the operations on the shared binary tree (parent, children, etc.), correctness of the propagation
of the timestamp to the root of the tree, and additional shared variables such as the counter for
obtaining timestamps. Furthermore, the MESD algorithm uses a load-linked /store-conditional
(LL/SC) operation. Since HeapLang does not support LL/SC operations, we could either implement
it using the compare-and-swap (CAS) primitive, or extend HeapLang with LL/SC as an atomic
primitive.
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A Concurrent Setting With Freeing: Detailed Definitions

A.1 Freeing the Location in FreelLater

DEQUEUEFREEFREELATERPTNONE
. . .. bl ..
logicalPts(Vpt, Ydom, CFirst, £next, tbfCandidate(¢g)) CrL =12 injy () CrL —51 )2 injy ()

Yot o . Ypt
Crirst 0y injy ((ts, tid, w), next) next 0 fnext Tlrist 7# Ll
- I 1Ydom “Ydom > Ypt
Laummy 172 1Nj1 () 1 9{laummy } | trexs Cdummy

eFL — injl () * (freed(eFL) —k Elogicalpts(’)’ptv'VdomveFirstaenextatbeone) * edummy '_>1/2 injl ())

DEQUEUEFREEFREELATERPTPERS

logicalPts(Ypt, Ydoms LFirsts Cnext, tbfCandidate(¢, ) lr V2 injy ((ts', tid’ , w'), nextgL)

“Ydom > Vpt “Ydom > Ypt
ptNoneorPtPerSReaCh(EFirsty gnexta Ydom> '7pt) £FL ~ Enext gnext e gdummy

- T T T Ty 1 Ydom
Cdummy =172 10j1 () o{Ldummy } ! TleL # lnext! TlrL # Crirst | TlFL # nextpL

Le = inj; () (freed(fFL) — B
logicalPts(Ypt, Ydom: £Firsts Lnext, tbfFreeing(€eL)) * Laummy F>1/2 injp () * ptNoneOrPtPersReach(ZFirst,€next,Vdomﬁpt))

DEQUEUEFREEFREELATERNEXT
logicalPts(Ypt, Ydom s £FL s £next, tbfFreeing(Lrirst))

leL lﬁ)g injo ((tsl, tid/, w’), nextFL) nextgL 'ﬂ)u f;ext
CEirst rﬁm injy ((ts, tid, w), next) next rﬂ)D Lrext
Crirst "™ lnext Crr T et Crivst 23 Ldummy
Caummy 172101 ) [o{Caummy } 1" “lrirst 7 CFL™ TlrL 7 Lnext

(Fu, nextgL — v) * (freed(nextFL) —+ B logicalPts(Vpt, Ydom, £FL; fnext, tbfNone) * Lgummy 1,2 inj; ())

A.2 The Announced Location in the Invariant

We have added the following propositions to the invariant to handle the communication about the
announced location:

4

queuelnv(First, Last, FreeLater, Announce, Help, G, @)

? ? ? ? ?
El‘eFirsta ELastv gA» ‘€FL7 UHeIpa ‘gdummya ginitv zs, tbfa efstAtAnno’ gx_Av gX—fstAtAnno’ ‘gnot—fstAtAnnoa SpastAnnos .

,,,,,,,,,,,,,,,,, 1Y T ;o7 T T T T T I FstAtAnno

1 7 Ynot-fstAtAnno
2 (Znot—fstAtAnno) ! i rgFirst 7é enot-fstAtAnno—I &3

ey 2?2 7 ?
fstAtANNODIS) (Yig acannos Las T As IxfstAtAnnos LFirsts not-fstAtAnno) *

fstAtANNoANNOIMPI (i aannos Las CFirsts tOF, €FL, Ydom, Yot) *

r 7 VpastAnnos oo 2
l .SpastAnnos | & PaStAnnOSDISJ (SpastAnnosv gAa eFirsta “YpastAnnos; Ydom ’th) .

\71777?7777? 7777777 1YX \’1”’? ”””” | YFstAtAnno 1 7 Vnot-fstAtAnno .
L§(€X—A’€X»fstAtAnno)J ,! 5 (Listatanno) | and lg(ﬁnot_fstAtAnno)J are all defined using the frac-

tional agreement RA over pairs of option locations, option locations and locations respectively. This RA

satisfies agreement of the value, and we can update the value by owning the entire fraction, 1.
“YFstAtAnno .
The enqueuer owns the other half of i 2 (0 acanno) P while the dequeuer owns the other halves of

77777777777777777 1YX 1 ;7 T T T T T T 7 777 Ynot-fstAtAnno . P . . .
? 7 and | %(gnot_fstAtAnno) | . This division is decided based on which of the two

117 ?
L2 (KX—A’ EX—fstAtAnno) 1

threads will update the values.
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We define the following disjunction for KgstAtAnno:

I ? 7 2 a
fstAtAnnoDisj({iseacannos £as Cx-As Cx-fstatAnnos CFirst Enot-fstAtAnno) =
? ?
(VéfstAtAnno = NoneV (HgfstAtAnnOa rgfstAtAnno = Some(efstAtAnno)~| * TlistAtAnno 7 Enot—fstAtAnno—l))

7 _ g7 7 _ g7
\ ('_EA - gX—Aj * rg’f'stAtAnno - ZXffstAtAnno—I)'

. . . 5 . ? sy s o s
Either we are in the exception case, where we don’t know anything about i a,anne, OF it is None, or it is
some location giatanno that is not equal to £hot-fstAtAnno-
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