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Refinement

I ⊑ A
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(e.g., as seen in CertikOS)
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e.g., contextual refinement ( ) quantifies 
“completely arbitrary” context

⊑ctx

No transitive composition

Goal: have best of both worlds.
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def get(k: int) ≡ 
  return *(data + k) 

def set(k: int, v: int) ≡ 
  *(data + k) := v

IMap

Motivating Example
Benefits of separation logic

 is an exclusive token, 
that gets consumed when calling init.

pending

“ ” denotes that it is initialized, 
and a key k stores a value v.

k ↦Map v
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๏ We use unconditional refinement as an underlying notion, but
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๏ Good: we can piggyback on all the existing benefits of unconditional refinement

๏ Simple, universal definition

๏ Vertical compositionality (i.e., transitivity), Horizontal compositionality
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def init(sz: int) ≡ 
  data := calloc(sz) 

def get(k: int) ≡ 
  return *(data + k) 

def set(k: int, v: int) ≡ 
  *(data + k) := v 

IMap  
private map := λ k. 0 

def init(sz: int) ≡ 
  OPERATIONALIZED_CONDS(…) 
  skip 
  OPERATIONALIZED_CONDS(…) 

def get(k: int) ≡ 
  OPERATIONALIZED_CONDS(…) 

  return map[k] 
  OPERATIONALIZED_CONDS(…) 

def set(k: int, v: int) ≡ 
  OPERATIONALIZED_CONDS(…) 

  map := map[k ↤ v] 
  OPERATIONALIZED_CONDS(…)

⟨ SMap ⊢ AMap ⟩

Motivating Example
With Conditional Contextual Refinement

 
private map := λ k. 0 
private size := 0 

def init(sz: int) ≡ 
  OPERATIONALIZED_CONDS(…) 
  size := sz 
  OPERATIONALIZED_CONDS(…) 

def get(k: int) ≡ 
  OPERATIONALIZED_CONDS(…) 
  assume(0 ≤ k < size) 
  return map[k] 
  OPERATIONALIZED_CONDS(…) 

def set(k: int, v: int) ≡ 
  OPERATIONALIZED_CONDS(…) 
  assume(0 ≤ k < size) 
  map := map[k ↤ v] 
  OPERATIONALIZED_CONDS(…)

⟨ S′ Map ⊢ MMap ⟩

What should be the definition of 
OPERATIONALIZED_CONDS?
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def exp(x: int, n: int) ≡ 
  if n == 0 
  then return 1 
  else x * exp(x, n-1) 

IExpn    

def exp(x: int, n: int) ≡ 

  var r :=  

  return r

AExpn

xn

 exp(x,n) { n ≥ 0 } { r . r = xn }
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def exp(x: int, n: int) ≡ 
  if n == 0 
  then return 1 
  else x * exp(x, n-1) 

IExpn     

def exp(x: int, n: int) ≡ 
  OPERATIONALIZED_COND(…) 
  var r :=  
  OPERATIONALIZED_COND(…) 
  return r

⟨ S ⊢ AExpn ⟩

xn
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def exp(x: int, n: int) ≡ 
  if n == 0 
  then return 1 
  else x * exp(x, n-1) 

IExpn     

def exp(x: int, n: int) ≡ 
  assume(n  0) 
  var r :=  
  assert(r = ) 
  return r

⟨ S ⊢ AExpn ⟩

≥
xn
xn

Inspired by Refinement Calculus  
[Ralph-Johan Back 1978]
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def exp(x: int, n: int) ≡ 
  if n == 0 
  then return 1 
  else x * exp(x, n-1) 

IExpn     

def exp(x: int, n: int) ≡ 
  assume(n  0) 
  var r :=  
  assert(r = ) 
  return r

⟨ S ⊢ AExpn ⟩

≥
xn
xn

 
def main() ≡ 

  var r := exp(3, 2) 

  return r 

IExpnClnt
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Additional Features (paper/artifact)

Separation logic conditions

Stateless Conditional Refinement
Hoare logic conditions
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def main() ≡ 
  

  init(2) 

  set(0, 42) 

AClnt  
private map := λ k. 0 

def init(sz: int) ≡ 
  
  skip 

def set(k: int, v: int) ≡ 
  
  map := map[k ↤ v] 

AMap
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def main() ≡ 
  

  init(2) 

  set(0, 42) 

AClnt  
private map := λ k. 0 

def init(sz: int) ≡ 
  
  skip 

def set(k: int, v: int) ≡ 
  
  map := map[k ↤ v] 

AMap

sz.   init(sz)  
k v.  get(k)    
k v.  set(k, v) 

∀ { pending } {✻k∈[0,sz) k ↦Map 0 }
∀ { k ↦Map v } { r . r = v * k ↦Map v }
∀ { ∃w . k ↦Map w } { k ↦Map v }

sz.   init(sz)  
k v.  get(k)    
k v.  set(k, v) 

∀ { pending } {✻k∈[0,sz) k ↦Map 0 }
∀ { k ↦Map v } { r . r = v * k ↦Map v }
∀ { ∃w . k ↦Map w } { k ↦Map v }
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  set(0, 42) 

AClnt  
private map := λ k. 0 

def init(sz: int) ≡ 
  
  skip 

def set(k: int, v: int) ≡ 
  
  map := map[k ↤ v] 

AMap



Stateful ASSUME/ASSERT
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def main() ≡ 
  
  ASSERT( ) 
  init(2) 
  ASSUME( ) 

  ASSERT( ) 
  set(0, 42) 
  ASSUME(      )

⟨ S ⊢ AClnt ⟩

pending

0 ↦Map 0 * 1 ↦Map 0

(∃w . 0 ↦Map w) * 1 ↦Map 0

0 ↦Map 42 * 1 ↦Map 0

 
private map := λ k. 0 

def init(sz: int) ≡ 
  ASSUME( ) 
  skip 
  ASSERT( ) 

def set(k: int, v: int) ≡ 
  ASSUME( ) 
  map := map[k ↤ v] 
  ASSERT( )

⟨ S ⊢ AMap ⟩

pending

✻k∈[0,sz) k ↦Map 0

∃w . k ↦Map w

k ↦Map v



Key Challenge: 
Operationalizing Ownership
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def main() ≡ 
  
  ASSERT( ) 
  init(2) 
  ASSUME( ) 

  ASSERT( ) 
  set(0, 42) 
  ASSUME(      )

⟨ S ⊢ AClnt ⟩

pending

0 ↦Map 0 * 1 ↦Map 0

(∃w . 0 ↦Map w) * 1 ↦Map 0

0 ↦Map 42 * 1 ↦Map 0

  
private map := λ k. 0 

def init(sz: int) ≡ 
  ASSUME( ) 
  skip 
  ASSERT( ) 

def set(k: int, v: int) ≡ 
  ASSUME( ) 
  map := map[k ↤ v] 
  ASSERT( )

⟨ S ⊢ AMap ⟩

pending

✻k∈[0,sz) k ↦Map 0

∃w . k ↦Map w

k ↦Map v
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def main() ≡ 
  
  ASSERT(r0  ) 
  init(2) 
  ASSUME(r1  ) 

  ASSERT(r2 ⋅ fr  ) 
  set(0, 42) 
  ASSUME(r3 ⋅ fr       )

⟨ S ⊢ AClnt ⟩

∈ pending

∈ 0 ↦Map 0 * 1 ↦Map 0

∈ (∃w . 0 ↦Map w) * 1 ↦Map 0

∈ 0 ↦Map 42 * 1 ↦Map 0

  
private map := λ k. 0 

def init(sz: int) ≡ 
  ASSUME(r0  ) 
  skip 
  ASSERT(r1  ) 

def set(k: int, v: int) ≡ 
  ASSUME(r2  ) 
  map := map[k ↤ v] 
  ASSERT(r3  )

⟨ S ⊢ AMap ⟩

∈ pending

∈ ✻k∈[0,sz) k ↦Map 0

∈ ∃w . k ↦Map w

∈ k ↦Map v

Step 1: Add Resources
Stateful ASSUME/ASSERT
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First attempt: pass as arguments (returns)
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def main() ≡ 

  assert(r0  ) 
  var r1 := init(2, r0) 
  assume(r1  ) 

  assert(r2 ⋅ fr  ) 
  var r3 := set(0, 42, r2) 
  assume(r3 ⋅ fr       )

⟨ S ⊢ AClnt ⟩

∈ pending

∈ 0 ↦Map 0 * 1 ↦Map 0

∈ (∃w . 0 ↦Map w) * 1 ↦Map 0

∈ 0 ↦Map 42 * 1 ↦Map 0
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def init(sz: int, r0) ≡ 
  assume(r0  ) 
  skip 
  assert(r1  ) 
  return r1 

def set(k: int, v: int, r2) ≡ 
  assume(r2  ) 
  map := map[k ↤ v] 
  assert(r3  ) 
  return r3

⟨ S ⊢ AMap ⟩

∈ pending

∈ ✻k∈[0,sz) k ↦Map 0

∈ ∃w . k ↦Map w

∈ k ↦Map v

Step 2: Pass Resources Explicitly…?
Stateful ASSUME/ASSERT
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private data := NULL 

def init(sz: int) ≡ 
  data := calloc(sz) 

def get(k: i⠀nt) ≡ 
  return *(data + k) 

def set(k: int, v: int) ≡ 
  *(data + k) := v 

IMap  
private map := λ k. 0 

def init(sz: int) ≡ 
  skip 

def get(k: i⠀nt) ≡ 

  return map[k] 

def set(k: int, v: int) ≡ 

  map := map[k ↤ v]

AMap

Motivating Example
With Conditional Contextual Refinement

 
private map := λ k. 0 
private size := 0 

def init(sz: int) ≡ 
  size := sz 

def get(k: i⠀nt) ≡ 
  assume(0 ≤ k < size) 
  return map[k] 

def set(k: int, v: int) ≡ 
  assume(0 ≤ k < size) 
  map := map[k ↤ v]

MMap

sz.  init(sz)      
k.         get(k)       
k v.        set(k, v)   

∀ { pending } { ⊤ }
∀ { ⊤ } { ⊤ }
∀ { ⊤ } { ⊤ }

sz.   init(sz)  
k v.  get(k)    
k v.  set(k, v) 

∀ { pending } {✻k∈[0,sz) k ↦Map 0 }
∀ { k ↦Map v } { r . r = v * k ↦Map v }
∀ { ∃w . k ↦Map w } { k ↦Map v }
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def get(k: i⠀nt, r0) ≡ 
  return (*(data + k), r1) 

IMap  

def get(k: i⠀nt, r0) ≡ 

  return (map[k], r1) 

AMap

Motivating Example
With Conditional Contextual Refinement

 

def get(k: i⠀nt, r0) ≡ 
  assume(0 ≤ k < size) 
  return (map[k], r1) 

MMap

k.         get(k)       ∀ { ⊤ } { ⊤ } k v.  get(k)    ∀ { k ↦Map v } { r . r = v * k ↦Map v }



⟨ S ⊢ AClnt ⟩ ⟨ S ⊢ AMap ⟩



Resource: 
I want to go there!

⟨ S ⊢ AClnt ⟩ ⟨ S ⊢ AMap ⟩



Key Idea II: Dual Non-determinism 
(Combining Demonic and Angelic)
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⟨ S ⊢ AClnt ⟩ ⟨ S ⊢ AMap ⟩

Resource: 
Yay!
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⟨ S ⊢ AClnt ⟩

Σ
∈ pending

Σ
∈ 0 ↦Map 0 * 1 ↦Map 0

Σ × Σ
∈ ∃w . 0 ↦Map w ∧ ∈ 1 ↦Map 0

Σ
∈ 0 ↦Map 42 * 1 ↦Map 0
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Σ
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Σ
∈ ∃w . k ↦Map w

Σ
∈ k ↦Map v

Pass Resources Implicitly
Dual Non-Determinism
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Wrapper Elimination

Every module adheres to the same spec
(i.e., pipes are installed properly) ⟹

Resources are matched up properly during the execution
(i.e., Mario does not die from a pipe accident) ⟹

Wrapper Elimination Theorem!
(i.e., can get rid of these pipes!)

Wrapper Elimination Theorem (WET) 
           ⟨ S ⊢ A1 ⟩ + ⟨ S ⊢ A2 ⟩ ⊑ A1 + A2



Past, Present, and Future
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CCR 
POPL23

inspired

Fair Operational 
Semantics 

PLDI23

motivated
Program logic for 

int2ptr casting 
(WIP)

is-used-by

extended to

Actively developed, get involved!

Concurrent CCR 
(WIP)

DimSum 
POPL23



Wrap Up of CCR      ⠀

                                   CCR              marries             refinement & separation logic 
                           Wrapper       operationalizes      separation logic conditions 
  Dual non-determinism              allows               implicit resource passing

42



CCR 2.0: Vertical Frame Rule 
 
Youngju Song, Minki Cho, and ?
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10 lines of wrapper for 
1 line of actual code?! 

4 resources floating around?!
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๏ Vertical Frame Rule
46



Key Ingredient: 
Logical rules for executing ASSUME/ASSERT
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Recap: rules for assume/assert

48



Now: rules for ASSUME/ASSERT

49

๏ First, 
turn the refinement goal into a separation logic predicate



Now: rules for ASSUME/ASSERT

49

๏ First, 
turn the refinement goal into a separation logic predicate

๏ “wp T S 𝛷” is a simulation WP (following SimulIris)



Now: rules for ASSUME/ASSERT

49

๏ First, 
turn the refinement goal into a separation logic predicate

๏ “wp T S 𝛷” is a simulation WP (following SimulIris)

๏ meaning the WP to simulate T against S and end with 𝛷
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≃ Definition of Hoare Quadruple 
{ P } T ≤ S { Q } 

in SimulIris
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Vertical Frame Rule
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Logic Model

Transitivity does not apply here!



Vertical Frame Rule
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One caveat

๏ There is a very subtle counterexample when we have

๏ dual non-determinism

๏ aforementioned rules for ASSUME/ASSERT

๏ asynchronous execution of source and target

54



A Tweak in Update Modality

๏ The issue is addressed by: 

๏ a tweak in update modality 

๏ and a tweak on our model, correspondingly

55



A Tweak in Update Modality

๏ The issue is addressed by: 

๏ a tweak in update modality 

๏ and a tweak on our model, correspondingly

55



A Tweak in Update Modality

๏ The issue is addressed by: 

๏ a tweak in update modality 

๏ and a tweak on our model, correspondingly

55



Future Works

56



Future Works

๏ More features in CCR 2.0 (regarding ITrees)

56



Future Works

๏ More features in CCR 2.0 (regarding ITrees)

๏ CCR-related 

๏ Prophecy? 

๏ Concurrency? 

๏ Specification-preserving compilation? 
 

56



Future Works

๏ More features in CCR 2.0 (regarding ITrees)

๏ CCR-related 

๏ Prophecy? 

๏ Concurrency? 

๏ Specification-preserving compilation? 
 

๏ + If you are interested in compiler/coinduction/algebraic effects/concurrency 
I am ready to chat!
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